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Abstract. I have succeeded in showing that any two-dimensional hy-
persurface singularities of germs of varieties in any characteristic can be
resolved by iterated monoidal transformations with centers in smooth
subvarieties. The new proof for the two-dimensional case depends on
new ideas. Ideas are essentially different from Abhyankar’s one in [1]
and Lipman’s one in [5]. It seems to be possible to generalize the new
proof into higher dimensional cases, if we add several ideas further. In
this article I try to explain my new ideas rather than the partial result
I explained at the conference.

1 Introduction

At the conference I explained my partial result claiming that any hypersur-
face singularities of germs of varieties in positive characteristic can be resolved by
iterated monoidal transformations with centers in smooth subvarieties, if we have
a valuation ring of iterated divisor type associated with the germ. However, the
existence of a certain valuation ring may be a strong condition, and there were
several difficulties to remove this condition.

After coming back to Japan, through intensive study, I have succeeded in show-
ing that any two-dimensional hypersurface singularities of germs of varieties in any
characteristic can be resolved by iterated monoidal transformations with centers in
smooth subvarieties. The new proof for the two-dimensional case depends on new
ideas. Ideas are essentially different from Abhyankar’s one in [1] and Lipman’s one
in [5]. T got new ideas while I was checking Section eight of Abhyankar [1]. Section
eight of [1] contains a lot of ideas, but it has nothing to do with the main result in
[1]. Adding my own idea of a coordinate change into special coordinates, I achieved
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a new proof. The origin of my idea of a special coordinate change is the concept of
“reductive” in Urabe [8], [9].

It seems to be possible to generalize the new proof into higher dimensional
cases, if we add several ideas further. I am now working in this generalization. I
need much time.

In this article I try to explain my new ideas rather than the partial result I
explained at the conference.

Throughout this article we fix the ground field k. We assume that k is an
infinite field.

Let T' be a totally ordered abelian group. Often in this article we associate
a special element co called the infinity with I'. We assume that the element co
satisfies the following two conditions:

1. 00 > 00, o0 + o0 = 00, and noo = con = oo for every positive integer n.
2. For every element v € I v £ 00, v < oo and v + 00 = 00 + 7 = 00.

By Z, Q and R we denote the ring of integers, the rational number field and the
real number field respectively. By Zg, Qg and Ry we denote the set of non-negative
integers, the set of non-negative rational numbers and the set of non-negative real
numbers respectively.

The number of elements in a finite set X is denoted by f X.

2 Ring theory

In this section we review several important points in the ring theory and explain
non-standard concepts.

By a ring we mean a commutative ring with the identity 1. We use standard ter-
minologies in the commutative ring theory. (Matsumura [6]. Zariski-Samuel [10].)

Let A be aring. By A* we denote the set of invertible elements of A, i.e.,

A* ={a € A| There exists an element b € A with ab = 1}.

A ring with the unique maximal ideal is called a local ring. For a local ring A
by M(A) we denote the maximal ideal of A. A local ring A is the disjoint union of

A* and M(A).

Let n be a non-negative integer, and x1,x2,...,x, n of variables. We con-
sider the formal power series ring k[[z]] = k[[x1,22,...,z,]] over k. Let P =
(z1,22,... ,2,) be an ordered parameter system of k[[z]]. An element Q = (y1,y2,

.y Yn) € E[[z]]"™ such that the set {y1,¥y2,...,¥yn} iS a parameter system of the
ring k[[x]] is called an ordered parameter system of k[[x]]. Any element f € k[[z]]
can be written uniquely in the form

= Z coeff (f, P,a)x®,
€Ly

where o = (a1, aa,...,a,) €ZJ, a1,aa,... ,q, are non-negative integers,
coeff(f, P,a) € k for any a € Zf}, and z® = ' 25 - - - zom.
The set of exponents of f with respect to P is denoted by ex(f, P).

ex(f, P) ={a € Zj | coeft(f, P, ) # 0}.

Definition 2.1 1. Let P = (x1,22,... ,2,) be an ordered parameter sys-
tem of the ring k[[z]] and f € k[[z]]. We say that f has a normal crossing
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with respect to P, if there are non-negative integers 31, 0o, ... , B, with
f .
€ k|x]]*.
o <Al
2. An element f € k[[z]] is said to have a normal crossing, if there is an ordered
parameter system P of k[[z]] such that f has a normal crossing with respect

to P.
For any A= (Al,AQ, Ce ,An), B = (Bl,BQ, - ,Bn) (S Rn, we denote (A,B) =
> AiBi.
Let w = (wy,wa, ... ,wy,) € Zy, and P = (x1,Z2, ... ,Z,) an ordered parameter

system of k[[z]]. We will define a map
ord? : k[[z]] — Zo U {o0}
associated with w and P. The value ord (f) € Zy U {oc} for f € k[[z]] is called
the order of f with weight w with respect to P. Let f € k[[z]] be an element. If
f =0, then we put ord? (f) = co. Assume f # 0. Since f # 0, the set ex(f, P) is
not empty. We define
ord’ (f) = min{(w, @) | a € ex(f, P)} € Zy.

Lemma 2.2 1. If f, g € k[[z]], then ord® (fg) = ordZ (f) + ordL (g).

2. If f,g € k[[z]], then ord’(f + g) > min{ord’ (f),ord’ (¢)}.

Let E denote the field of fractions of k[[z]]. We can define an extended map

ord! 1 E— Z U {0}

by putting ordl (h) = ord?(f) — ordl(g), where h € E, and f,g € k[[z]] are
elements satisfying h = f/g and g # 0.

Lemma 2.3 1. The map ord’, : E — ZU{oo} associated with an element
w € Z§ and an ordered parameter system P is a valuation of the field E
with the value group Z.

2. ord? (f) >0 for every f € k[[x]].

3. Let m be an integer with 0 < m < n. Assume w; = 1 for every 1 <i <m,

and w; = 0 for everym < i <n. Let Q = (y1,Y2,... ,Yn) be another ordered
parameter system of k[[x]]. If the ideal generated by x1,xa,... &y and the
ideal generated by y1,Yo, ... ,Ym coincide, then we have ordfz = ordg.

When w; =0 or 1 for every 1 <7 <n and w; =1 for some 1 <7 < n, we write

P
OI‘d,w = OI‘dxH’xiQ’... iy, = OI‘dj,
where 41,1z, ... ,i,, are mutually different integers such that {iy,iz,... i} = {i €
Zo |1 <i<n,w; =1}, and J denotes the ideal generated by z;,,zi,,... ,2;,, -

Moreover, if 3 = M(k[[z]]) is the maximal ideal, then we write ord = ord;z. The
value ord(f) is called the order of f.
Let f = Zaezg coeff(f, P,a)x® € k[[z]] be a non-zero element. Let T' = {a €

ex(f, P) | (w, ) = ord’ (f)}. Putting
ing(f) = Z coeff(f, P, a)x”,
aeT

we call in® (f) the w-initial polynomial of f with respect to P. For f = 0 € k[[z]]
we define inf (0) = 0.
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We can check that in? (fg) = ink (f)inL (g) for any f, g € k[[z]].

Assume that w; = 0for 1 <7 <m and w; > 0 for m < 7 < n. One sces that
inZ (f) € kl[z1, 22, . s o) ][Tmt1s Tmtas - - T

We say that f is a w-homogeneous polynomial with respect to P, if f = ini(f).
If w; > 0 for every 1 < ¢ < n, then any w-homogeneous polynomial contains only a
finite number of terms, and it is a polynomial with coefficients in k.

When w; =0 or 1 for every 1 <7 <n and w; = 1 for some 1 <7 < n, we write

. P __ . P
g, =ing, oo e
where 41,12, . .. %, are mutually different integers such that {iq,i2,... iy} = {i €

Zo | 1 < i < n,w; = 1}. In the case where w; = 1 for every 1 < ¢ < n, we

write infl,xz,... oy = in” and a w-homogeneous polynomial is called a homogeneous
polynomial.

Let e1,e9,... e, denote the standard basis of R". We consider a subset S of
R™. The set

Is={i€Zy|1<i<n,A+re € Sforany A€ S and for any r € Ry.}
is called the set of infinite directions of S.

Lemma 2.4 Let M be a positive integer, and T a subset of (4:Zo)". Let S
denote the minimum convex subset of R" containing T' + Zj .

1. The subset S is a convex polyhedron with a finite number of faces.

2. Is={1,2,... ,n}.

3. Any vertex of S belongs to (37Zo)".

4. Assume S # 0. For every w = (w1, ws, ... ,w,) € Zy the set Alw,S) =
{A eS| (w,A) =min{(w, B) | B € S}} is a face of S.

5. For any face F' of S, there is an element w € Z with F = A(w, S).

6. Assume S # 0. Let w= (w1, ws,... ,wy) € ZY and F = A(w, S). We have
w; =0, if and only if, i € Ip.

7. A face F of S is compact, if and only if, Ir = 0.

Let P = (x1,22,...,%,) be an ordered parameter system of k[[z]], and f €
E[[z]]. The minimum convex subset of R™ containing ex(f, P) + Z{ is called the
Newton polyhedron of f, and is denoted by I'y (f, P). For any subset T of R"

SL(f) = Y acex(.pynr Coeft(f, Pya)z™ € k[[]]  if ex(f, P)NT # 10,
PETT = 0 € k][] if ex(f,P)NT = 0.

is called the partial sum of f over T with respect to P.
Lemma 2.5 1. T+ (f, P) =0 if and only if f =0.

2. Assume f #0. For every w = (wy,Ws, ... ,w,) € Z§,
ord?(f) = min{(w, A) | A€ T, (f, P)}.
3. Assume that a subset T C R™ and an element w = (wy,wa,... ,wy) € Z§

satisfies TOT 4 (f, P) = A(w, T4 (f, P)), if f # 0. We have inL (f) = psk(f).
4. Let T be a subset of R™, and a1, az, -+ ,€ k, f1, fo, -+ € k[[z]] elements such
that the sum " a; f; exists in k[[x]]. We have psk (3> aif:) = aipsh(fi)-
5. Let T be a convex subset of R™ such that ex(f,P) C T, and F a face of T.
For every positive integer j we have psfF(fj) =psh(f).
6. Let T be a convex subset of R™, F' a face of T, f,g € k[[z]], and r, s € R,.
Assume that ex(f, P) C rT' and ex(g,P) C sI'. We have psZ+S)F(fg) =

pSfF(f)psfF(g)-
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Theorem 2.6 (Weierstrass division theorem) Assume n > 0. Let P =
(z1,22,... ,2,) be an ordered parameter system of the ring k[[x]], and w = (w1, w2,
L, wy) € Z. We assume that w; > 0 for every 1 <i<n-—1 and w, =1. We
write k[[z']] = k[[x1, %2, ... ,2n_1]]. Let f € k[[x]]. Assume that in%(£)(0,0,...,
0,1) # 0, where inf (£)(0,0,...,0,1) denotes the value of the w-initial polynomial

Off at x1 =To =" =Tp_1 :0, Tp = 1. LetLZOI‘d,i(f)-
For every h € k[[z]] there exists a unique set of an element e € k[[z]] and L
numbered elements Hy, Ha, ..., Hy, € k[[z]] satisfying

L
h = ef—i—ZHjxﬁ_j.

j=1
Corollary 2.7 (Weierstrass preparation theorem) We assume the same
assumptions as in the above theorem.

1. There exists a unique set of an element e € k[[x]] and L numbered elements
G1,Gs, ... Gy, € k[[2]] satisfying

L
ef =zt + Zijﬁ_j.
j=1
2. e € k[[z]]*, and ord’(G;) > j for every 1 < j < L.

Proof It folows from the special case of Theorem 2.6 where h = zL. O

Lemma 2.8 Let f € k[[x]] be a non-zero homogeneous polynomial with respect

to an ordered parameter system P = (x1,o,... ,Ty).
1. There exist n—1 elements a1, ag, ... ,an—1 € k with f(a1,as, -+ ,an-1,1) #
0, where f(ai,ag, - ,an—1,1) denotes the value of f at x1 = a1,x2 =
Ay yTp1 = Qp_1,T, = 1.
2. Assume that f(a1,ag, -+ ,an—1,1) # 0 for a,as,... ,an—1 € k. Let y; =
i —a;ixy for 1 <i<n-—1, and y, = x,. Then Q = (y1,Y2,... ,Yn) IS an

ordered parameter system of k[[z]], and the value of f at y1 = yo = -+ =
Yn—1=0,y, = 1 is not zero.

Remark Recall that we have assumed that k is an infinite field. Lemma 2.8
is the essential reason why it is difficult to treat the case of a finite field in the
resolution theory.

Lemma 2.9 Let E be a field, v : E — T'U{oo} a valuation, t a transcendental
element over E, L a positive integer, and G1,G>, ... G, H{,Hs,... \H;, € B 2L
elements satisfying

L L
Y Gt = T+ Hy).
=1 j=1
We have )
min{}v(Gj) |1<j<L}=min{v(H;)|1<j<L}

Let P = (x1, x2,...,%,) be an ordered parameter system of k[[z]], w =
(wy,wa, ... ,wy,) € ZZ, L an positive integer, and G = (G1,Ga, ... ,Gr) € k[[z])*.
We define

1
ord}, (G) = min{=ord{(G;) | 1 < j < L}.
J
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The value ord’ (G) € Zo U {oc} for G € k[[z]] is called the order of G with weight
w with respect to P. Let
o _ [ ing(Gy)  ifordy(G)) = jord, (G),

J 0 if ord? (G;) > jord} (G).
We define in% (@) = (G1, Gy, ... ,Gr). We call inf (G) the w-initial polynomial of
G with respect to P.

The minimum convex subset of R containing (Ule(l / j)eX(Gj,P)) + Zy is
called the Newton polyhedron of G, and is denoted by I'y. (G, P). For any subset T
of R"

ps7.(G) = (p57.(G1), psr (Ga), - -, s (Gy), .., D8 (Gr)) € K[[x]]*
is called the partial sum of G over T with respect to P.

Lemma 2.10 1. T+ (G, P) =0 if and only if G = 0.
2. For every integer j with 1 < j < L we have '+ (G}, P) C jT4+(G, P).

3. Assume G # 0. For every w = (wy,w1,... ,w,) € Z{,
ord? (@) = min{(w, A) | A € T, (G, P)}.

4. Assume that a subset T C R"™ and an element w = (wy,wy,...,w,) € Zg
satisfies TN T4 (G, P) = A(w,T'y (G, P)), if G # 0. We have in%(GQ) =
pst(G).

3 Essential definitions

Let n be a non-negative integer, and x1,xs,...,x, n of variables. We con-
sider the formal power series ring k[[z]] = k[[x1,z2,... ,xx]] over k in the former
half of this section. Let P = (z1,Z2,...,%,) be an ordered parameter system

of k[[x]], Tns1 a transcendental element over k[[z]], L an positive integer, and
G = (G1,Ga,... ,Gr) € k[[z]]* an element.

Definition 3.1 Let A be a face of the Newton polyhedron I'y (G, P). We say
that A is first erasable, if there exists an element E € k[[z]] satisfying

n+1 + ZPS]A n+1 = (Tn41 + B)". (3.1)

Lemma 3.2 1. For every E € k[[z]] there exists a unique element G =
(G1,Ga, ... ,GL) € k[[z))F satisfying

L L
T+ Y G = (a1 + B)" Z (o1 + E)* (32)
j=1 i=1

2. Let Gy = éo = 1. We consider equalities below.
L=\ A
G; Z (L _j)GiEJ i (3.3)

G = B()ecer o

The following three conditions are equivalent:
(a) The equality 3.2 holds.
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(b) The equality 3.3 holds for every 1 <j < L.
(¢) The equality 3.4 holds for every 1 < j < L.

Theorem 3.3 1. Let A be a first erasable face of the Newton polyhedron
T4 (G, P), and Ay a face with Ay C A. Then, the face Ay is first erasable.

2. There is an element E € k[[z]] satisfying three conditions below. Let G €
K[[x]]F be the element satisfying the relation 3.2 in Lemma 3.2.

(a) Every face of T (G, P) is not first erasable.
(b) T4 (G,P) CcT4(G,P).
(¢) ex(E,P) c T (G,P)—T4(G,P)

3. Let E € k[[z]] be an arbitrary element, and G € k[[z]]" the element satisfying
the relation 3.2 in Lemma 8.2. Assume that every face of I'y (é, P) is not
first erasable.

(a) T4(E,P) c (G, P), I'.(G,P) CT,(G,P)
(b) If a face A of T (G, P) is not first erasable, then A NT (G, P) # 0.
(¢) If T4 (G, P) =T (G, P), then T'4(G, P) has no first erasable face.

Definition 3.4 Let M be a positive integer, T a subset of (77Z)", and S the
minimum convex subset of R™ containing 7"+ Z .

1. We say that S is of Weierstrass type, if n > 0 and the convex polyhedron
7(S) in R*~! has only one vertex, where m : R* — R"~! denotes the pro-
jection Satisfying 7T(A1, AQ, . ,An—la An) = (Al, AQ, - ,An—l)-

We assume below that S is of Weierstrass type.

2. Let A’ be the unique vertex of w(S). There exists a unique vertex A of S
with A’ = m(A). We call A the characteristic vertex of S.

3. We write A = (A’, A,), where A’ € R"~! and A,, € R. The domain D =
R ! x {reR|r < A,} is called the characteristic domain of S.

4. The map p: D — R"! from D to R*~! defined by

1
p(B) = 1 B,
is called the characteristic map of S, where B = (B',B,), B’ € R*~}

B, €R, and B, < A,.

Remark When n =1 or 2, S is of Weierstrass type, if and only if, S is not
empty.

(B' - A)

Lemma 3.5 Let M be a positive integer and T a subset of (%Zo)”. Assume
that the minimum convex subset S of R™ containing T + Z§ is of Weierstrass type.
Let A = (A, A,), D, and p : D — R"! denote the characteristic vertex, the
characteristic domain, and the characteristic map of S respectively. Let V be the
set of vertices of S.

1. V—-{A} C D.

2. 8" = p(SND) coincides with the minimum convez subset of R"~! containing
p(V —{A}) +Z3 .

S" =0, if and only if, S has only one vertex.
4. Let M’ be the least common multiple of 1,2,... , MA,. p(V — {A}) C
(ﬁZQ)”_l.
5. Let F be a face of S with A€ F and FND # (. Then, F' =p(FND)isa
face of S’. Moreover, the following holds:
(a) dim F' = dim F’ + 1.

©w
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(b) Ipm{1,2,... ,n — 1} ZIF/.
(¢) The following two conditions are equivalent:
(1) n € lp.
(i) If B = (By,Ba,... ,Bu_1) € F', and ifi € {1,2,... ,n—1} —
IF/, then Bi =0.
(d) The following conditions are equivalent:
(i) F is compact.
(i) F—{A} C D.
(iil) F’ is compact.
(iv) F = (o~ (F') N S) U {A}.
6. For every face F' of S’ there exists a unique face F' of S satisfying A € F,
FND#( and p(FND)=F'.

In what follows, we write k[[2]] = k[[x1,z2, ... ,Zn-1]], P = (z1, T2, ... ,Tn-1),
and 2’/ = 291282zt for of = (ag, 9, .. ,an_1) € Z5

For any ordered parameter system Q = (y1,¥2,... ,yn) of k[[z]], H € k[[z]] and
a € R" —Z, we define coeff(H,Q, a) = 0.
For a point B € R™ and a subset 7' C R we put

Cone(B,T)={B+r(C—-B)|CeT,r €Ry},
and call it the cone over T with vertex B.

Definition 3.6 Assume that the Newton polyhedron I'j (G, P) is of Weier-
strass type. Let A = (A’,A,), D, and p : D — R""! denote the characteristic
vertex, the characteristic domain, and the characteristic map of T'y (G, P) respec-
tively.

We say that a face A of ' (G, P) is second erasable, if A € A and AND # 0,
and if there exist elements F € k[[z]] and F' € k[[z']] satisfying the following two
conditions. The corresponding face of ' (G, P) = p(I'+ (G, P) N D) is denoted by
A= p(AND):

1. ex(E, P) C Cone(A,A) — {A}, ex(F, P") C A’

2.

L
Th + ZPSfA(Gj)xﬁ-s_-f = (3.5)
j=1

L
(@ni1 + B + 3" coeff(Gy, P, j A" (2, + F) 4% (w01 + E)F .
j=1
A face A’ of T (G, P) is said to be second erasable, if the corresponding face A of
I'4 (G, P) is second erasable.

Theorem 3.7 Assume that the Newton polyhedron Ty (G, P) is of Weierstrass
type. Let A= (A, A,), D, and p: D — R denote the characteristic vertex, the
characteristic domain, and the characteristic map of T (G, P) respectively.

1. Let A and Ay be faces of T+ (G, P) with A€ Ay C A and Ay ND #£0Q. If

A is second erasable, then also A1 is second erasable.

2. There exist elements E € k[[z]] and F € M(k[[2']]) satisfying the following
conditions. Let G € k[[z]]* be the element satisfying the relation 3.2 in
Lemma 3.2, and P = (1,29, ... ,&pn_1,2, + F). Obuviously P is an ordered
parameter system of k[[z]]:
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(a) The Newton polyhedron Ty (G, P) is of Weierstrass type. Its charac-
teristic vertex coincides with A.

) Every face A of T4 (G, P) is not second erasable.

) Every vertex of Ty (G, P) belonging to D is not first erasable.

(d) For every integer j with1 < j < L coeff(G;, P, jA) = coeff(G;, P, jA).
) oI+ (G, P) N D) € p(T+ (G, P) " D).

) ex(E,P) C D. pex(E,P)) C p(T+(G,P)N D).

(8) ex(F, P') C p(T'+ (G, P) " D) — p(T+ (G, P) N D).

The unique closed point of an affine scheme Spec(k[[z]]) is denoted by sg. The
completion of the local ring Oyx, s of a scheme X at a point s € X is denoted by
Os. 5. Let o : X — Spec(k[[z]]) be a morphism of schemes. A k-valued point s € ¥
with o(s) = sg is called a point lying over so. For any point s € ¥ lying over sy we
have a ring homomorphism k[[z]] — Os_, defined by pulling-back a function. We
denote it by o* : k[[z]] — Osx .

Definition 3.8 Assume that an ordered parameter system P = (z1,Z2,... ,Zx)

of k[[z]] is given.

1. Let ¢ be an integer with 1 < ¢ < n. We say that an element f € k[[z]] is
simple at level i with respect to P, if there is an element g € M (k[[z1, 2, ... ,
in_l]]) with f =x; +g.

2. Let I C {1,2,...,n} be a subset with I > 2, and C' C Spec(k[[z]]) the
closed smooth subscheme of codimension fI defined by the ideal in k[[x]]
generated by {z; | i € I'}. Let 0 : ¥ — Spec(k[[z]]) denote the blowing-up of
the scheme Spec(k[[z]]) with center C. Let s € ¥ be an arbitrary point lying
over so. Let o* : k[[z]] — Os,, be the induced ring homomorphism. An
ordered parameter system P = (£1,&,... ,&,) of (’52, s 1s said to be induced
by P, if there is an integer ¢ € I satisfying the following conditions:

(a) o*z; = &.
(b) o*z; =¢;,if j€{1,2,... ,n} — 1.
c) o*x; =§¢&,ifjeland j <i.
d) o*z; =&(§ + a;) for some a; € k, if j € I and j > 1.

(

Remark 1. In the above situation Oy, , = k[[z]] as topological k-algebras.

2. Depending on the subset I C {1,2,... ,n} and the point s € 3, the induced
ordered parameter system P of (’527 s exists, and is uniquely determined by
the ordered parameter system P of k[[z]].

Let m be a positive integer. The lexicographic order on Q™ is a total order <
with the following properties: Let a@ = (g, z,... ,am), 8= (61,02,...,Pm) €
QM. a < B, if and only if, a = f or @ < B. a < (3, if and only if, there is an
integer ¢ with 1 <4 < m such that a; = 3; for every j with 1 <j < i and oy < f3;.
Expressions 3 > « and 3 > « are equivalent to a < § and « < 3 respectively. We
can check that with this lexicographic order Q™ is a totally ordered abelian group.

Lemma 3.9 Let o; (i =1,2,3,...) be an infinite sequence of elements in Z{".
Assume that a; > ;41 for every i, where > is the lexicographic order. Then, there
exists a number ig such that a; = «;, for every number i with i > 1.

In the part below of this article, we assume that n = 3, k[[z]] = k[[x1, z2, z3]],
and consider hypersurface singularities of dimension two.
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Definition 3.10 1. A quadruple (g, ¢, h, P) satisfying the following con-
ditions is called a first standard decomposition:
(a) The last term P = (x1,2,x3) is an ordered parameter system of the

ring k[[z]].
(b) The first term g is an element of k[[z]] such that there exist a non-
negative integer ¢, and ¢ elements g1, go,... ,g¢ € M(k[[z1,x2]]) sat-

. . L L—j
isfying g = a5 + 3", gjag

(¢) The second term ¢’ is an element of k[[z]], and is a product of a finite
number of simple elements at level 3. In other words, there exist a non-
negative integer m, and m elements ¢}, d5,... ,q,, € M(k[[z1,z2]])
satisfying g’ = [[}Z, (23 + g})

(d) The third term h is an element of k[[x]]. There is an invertible element
u € k[[z]]* such that h/u is a product of a finite number of simple
elements at level strictly less than 3.

2. Let f € E[[z]] be an element with f # 0. We say that a first standard
decomposition (g, ¢, h, P) is one of f,if f = gg'h holds.

3. If h has a normal crossing with respect to P, then we say that a first standard
decomposition (g, ¢, h, P) is of normal crossing type.

4. The multiplicity (g, g, P) of a first standard decomposition (g, ¢’, h, P) is
an element (¢,m) in the set Z2 equipped with the lexicographic order, where
¢ and m are integers appearing in the above conditions.

The Gauss symbol [r] of a real number r € R is defined to be
[rl=max{a € Z | a <r}.

Definition 3.11 1. A sextuple (g9,¢',h,G, H, P) satisfying the following
conditions is called a second standard decomposition:
(a) The quadruple (g,¢’,h,P) is a first standard decomposition. Let
w(g,g’,P)=(¢,m) and L = ¢+ m.
(b) The fifth term H is an element of k[[x1, z2]]. There is an invertible
element U € k[[x1,z2]]* such that H/U is a product of a finite number
of simple elements at level strictly less than 3.
(c) The fourth term G = (G4, Ga,... ,Gr) is an element in k[[xq,z2]]F.
They satisfy

L
g9 =zt + ZHjijg_j,
j=1
and [ord,, (G)] = Jord,, (G)] = 0.
2. Let f € K[[z]] be an element with f # 0. We say that a second standard
decomposition (g,¢’, h,G, H, P) is one of f,if f = gg’h holds.
3. If h and H have a normal crossing with respect to P, then we say that a
second standard decomposition (g,¢’, h, G, H, P) is of normal crossing type.

Remark For any second standard decomposition (g,¢’, h, G, H, P) we have
G # 0 and H # 0 by definition.
4 Resolution theorems

Under definitions in the previous section, the proof for the resolution of a
germ of a two-dimensional hypersurface singularity over an arbitrary infinite field &
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becomes a chain of propositions. By propositions below together with Lemma 3.9
we conclude that the resolution is always possible. Repeating blowing-up of the
space and pulling-back the function finite times, any function is reduced to one
with a normal crossing.

In this section we consider only the case n = 3. Let k[[x]] = k[[z1, z2,z3]]. For
an ordered parameter system Q = (y1, y2,ys3) of k[[z]], we write Q" = (y1,y2). This
@' is an ordered parameter system of the subring k[[y1, y2]].

Lemma 4.1 Let f € k[[z]] be a non-zero element. Assume that there exist

m + 1 elements fo, f1,..., fm € k[[z]] such that f = fofi--- fm, ord(f;) = 1 for
1 <i<m, and £ = ord(fy). Then, there exists a first standard decomposition
(9.9's 1, P) of f such that (g, g', P) < (£, m), and h € k[[z]]".

Proof It follows from Lemma 2.8 and Corollary 2.7. O

Lemma 4.2 1. Every non-zero element f € k[z]] has a first standard
decomposition of normal crossing type.

2. Assume that a non-zero element f € k[[x]] does not have a normal crossing.
Let (g,¢', h, P) be a first standard decomposition of normal crossing type of
f. Then, there exist elements G, H and P such that (9,4',h,G, H, 15) s a
second standard decomposition of normal crossing type of f, P =P, and
the Newton polyhedron T' 1 (G,P’) has no first erasable face.

3. Let (9,4, h,G, H, P) be a second standard decomposition, P = (x1, 2, T3),
w(g, g, P) = ({,m), and L = £+ m. Assume that the Newton polyhe-
dron T4 (G, P') has no first erasable face. Then, there are elements G €
El[z1, z2))", H € k[[x1, 22]], E € M(k[[x1,22]]), and F € M(k[[x1]]) satisfy-
ing the following conditions. Put P = (1,22 + Fyx3+ E) = (&1, %2, 23):

(a) Sextuple (9,9, h,é,ﬁ,]f’) s a second standard decomposition.
(b) g, o, P) = (£, m).
(c) ords, (G )/—OFdxl(G)

(d) ords, (inf, (G)) < ordy, (inf; (@)

(e) The Newton polyhedron T4 (G P’) has no first erasable face.
(f) The Newton polyhedron Ty (G, P') has no second erasable face.

4. If ord,, (infll(G)) > 1 for a second standard decomposition (g,4', h,G, H, P)
with P = (x1,x2,23), then the Newton polyhedron T'y(G,P’) has two or
more vertices.

Proof 1. It follows from Lemma 4.1.
2. It follows from Theorem 3.3.2.
3. It folows from Theorem 3.7.2.
4. Easy. O

Remark Let (g,¢',h,G, H, P) be a standard decomposition of f with u(g,¢’,
P) = (¢,m), and L = £+ m. The characteristic vertex of I't (f, P) is (0,0, L). The
characteristic vertex of 'y (G, P') = p(T'y(f, P)N D) is (ord,, (G), ord,, (in (G))).

Theorem 4.3 Let(g,4',h, G, H, P) be a second standard decomposition of nor-
mal crossing type. Assume that the Newton polyhedron T (G, P’) has no first
erasable face, and ord(G) < 1. We put f = gg'h.
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L(H) =ord,,(H) = 0, then there exists a first standard de-
composition (g, ﬁ , P) of normal crossing type of f such that u(g,§’, P) <
g, g, P).

2. Assume that i =1 or 2, and ord,,(H) > 0. Let o : 3 — Spec(k[[z]]) be
the blowing-up of the scheme Spec(k[[x]]) with center in the closed smooth
subscheme defined by x; = x3 = 0. For every point s € ¥ lying over sg one
of the following claims holds:

(a) The element o* f € (’)g s has a normal crossmg
(b) There exists a first standard decomposition (g, 7', h P) of normal cross-
ing type of o* f at the ring O, such that (g, § P) < ,u(g g pP).
(¢) There exists a second standard decomposition (§,§', h, G, H, P) of o* f
at the ring (’)g s satisfying the following conditions. We write P =
(331, ZTo, 333)
(i) It is of normal crossing type.
(ii) The Newton polyhedron I'; (G, P') has no first erasable face.
(iil) ord(G ) =ord(G) < 1.
(iv) u(@ g, P) <pulg,g,P)
)
)

1. If, moreover, ord

(v) ordz, (H) = ord,, (H) — 1.
(vi ordxj( 1) = ordy, (H), where j is the integer satisfying {1,2} =
{47}
Proof Claim 1 follows from Lemma 4.1. O

Theorem 4.4 Let(g,4¢',h,G, H, P) be a second standard decomposition of nor-
mal crossing type, f = gg’'h and P = (x1,22,x3). Assume that the Newton polyhe-
dron Ty (G,P’) has no first erasable face, ord(G) > 1, and ord,, (infll (@) < 1.

Let o : ¥ — Spec(k[[z]]) be the blowing-up of the scheme Spec(k[[z]]) with
center in the closed smooth subscheme defined by x1 = x2 = 0. For every point
s € X lying over sq there exists a second standard decomposition (g,d’, h,G,H P)
of o* f at the ring (’)27 s satisfying the following conditions:

1. It is of mormal crossing type.

2. The Newton polyhedron T (G, P') has no first erasable face.

3. 1(9,9, P) < plg. g, P).

4. Let P = (531,532,533).

(ordz, (i, (@), 0rds, (G)) < (ordy, (nf (&), 0rd,, (G)),
where < s the lexicographic order.

Let (g,¢', h,G, H, P) be a second standard decomposition, and P = (x1, z2, 3).
By definition there is a unique set of an element v € k[[z]]*, non-negative

integers a1, aw, and ag elements hq, ho, ..., hq, € M(k[[x1]]) satisfying
a2
hH = uxi* H(xg + hy).
i=1

1. We write 6(h, H, P) =4 {hi | 1 <i < as} € Zo.

2. We say that (g,¢', h,G, H, P) is of regular type, if, either ay = 0, or, ag > 0
and h; = 0 for some i with 1 < i < as.

3. We define €(h, H, P) = min{ord(h;) | 1 <i < as}ifas > 0, and e(h, H, P) =
oo if ag = 0.
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Lemma 4.5 1. The following three conditions are equivalent:
(a) The second standard decomposition (g,4’, h, G, H, P) is of normal cross-
g type.
(b) 6(h,H,P) <1 and (9,4, h,G, H, P) is of regular type.
(¢c) e(h,H,P) =00
2. Assume that the Newton polyhedron T'i(G, P’) has no first erasable face,
and ord,, (infll (@) < 1.
There eists a second standard decomposition (9,9 h, G, H,P) of g¢'h
satisfying the followmg conditions. We write P = (21 ig,xg).
(@) (g9, P) < plg.g,P) o
(b) The Newton polyhedron Ty (G P has no first erasable face.
(c) orda, (IHP (G)) = ord,, (inf (G)) <
(d) 6(h, H, P) = 6(h, H, P)
(e) The second standard decomposition (g, §’, h,G, H, 15) is of reqular type.

Theorem 4.6 Let (g,¢',h,G, H, P) be a second standard decomposition, and
P = (z1,x9,23). Assume that the Newton polyhedron T'y(G,P’) has no first
erasable face, ord,, (infll (@) <1, (9,4, h,G, H, P) is not of normal crossing type,
and it is of regqular type. We put f = gg'h.

Let o : ¥ — Spec(k[[z]]) be the blowing-up of the scheme Spec(k[[z]]) with
center in the closed smooth subscheme defined by x1 = xy = 0. For every point
s € X lying over So there exists a second standard decomposition (g, g h,G,H P) of

o* f at the ring (’)g s satisfying the following conditions. We write P = (1, %2, T3):

1. The Newton polyhedron Ty (G, P') has no first erasable face.

2. ordgz, (1n]~D (G)) <1.

3. (g, 7, P) < plg, g, P).

4. One of the followmg three conditions holds:

(a) (9,9, h,G,H,P) is of normal crossing type.
(b) 6(h,H,P) < &(h,H, P).
(c) The following conditions hold:
Q) (g,4,h,G, H,P) is not of normal crossing type.
(ii) It is of regular type.
(iii) 6(h, H, P) = 6(h, H, P)
(iv) (h,H,P)ze(h,H,P)—1

Let (g,¢', h, G, H, P) be a second standard decomposi tion with ord,, (infll (@) >
1. The Newton polyhedron ', (G, P’) has two or more vertices. Let A; = (A1, A2;)
€ R3 (i =1,2,...,s) be its vertices, where s is the number of vertices. We can
assume that

A < Ap < o0 < A,
A271 > A272 > e > A27S.
We write 4 4
e(G, P = _LLr T A2
) = = Ay,

Remark The vertex A; = (ordy, (G),ord,, (infll(G))) is the characteristic
vertex of I'; (G, P’). The characteristic vertex of p(I'y. (G, P')N D) can be identified
with e(G, P’).
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Theorem 4.7 Let (g,¢',h,G, H, P) be a second standard decomposition, and
P = (x1,x9,23). Assume that the Newton polyhedron T'\(G,P’) has no first

erasable face, it has no second erasable face, and ord,, (infll(G)) > 1. We write
f=gg'h.

Let o : ¥ — Spec(k[[z]]) be the blowing-up of the scheme Spec(k[[z]]) with
center in the closed smooth subscheme defined by x1 = x2 = 0. For every point
s € X lying over sg there exists a second standard decomposition (g, g h,G,H P) of

o* f at the ring (’)g s satisfying the following conditions. We write P= (1, %2, T3):

1. The Newton polyhedron I'y (G, P ) has no first erasable face.
2. (3,9, P) < plg. g, P).
3. It satisfies one of the following two conditions:
(a) ordz, (1n1~3 (@) < Ordxg(lnP (@)).
(b) The following conditions holds:
(i) ords,(inf (@) = ord,, (inf (G)).
(ii) The Newton polyhedron Ty (G P') has no second erasable face.
(iii) e(G,P') = e(G,P") — 1.

In the proof of above theorems the concept of induced ordered parameter sys-
tems in Definition 3.8.2 is effective.
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