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Abstract. Assume that there exists a hypersurface singularity which cannot
be resolved by iterated monoidal transformations in positive characteristic. We
show that in the set of defining functions of hypersurface singularities which
cannot be resolved, we can find a function satisfying very strong conditions. By
these conditions we may be able to deduce a contradiction under the above as-
sumption. Besides, we introduce essential concepts for the study of resolution
of singularities of germs such as Weierstrass representations, the Abhyankar
condition, “not reductive” and so forth.

1. Introduction

In this paper we consider the problem of resolution of singularities in the case
of positive characteristic. Since Hironaka’s success in resolution of singularities
in characteristic zero (Hironaka [5].), the solution of this problem has long been
expected. However, it is still open.

This is perhaps because the problem is hard by nature.
Therefore, we consider the problem in the category of germs of varieties. Besides,

we assume that the singularity is a hypersurface.
Recently very clear exposition was given in Appendix of Abhyankar [2] for resolu-

tion of hypersurface singularities in characteristic zero. I have noticed that most of
Abhyankar’s ideas are effective even in characteristic positive. I supply the missing
part to his ideas, and develop the theory of positive characteristic in this paper.

Throughout this paper we fix the ground field k. We assume that k is an alge-
braically closed field and the characteristic number p of k is positive. The prime
number p is used to denote the characteristic number of k.

ByB we denote a ring isomorphic to the formal power series ring k[[x0, x1, . . . , xr]]
over k with r+1 variables x0, x1, . . . , xr for some non-negative integer r. Note that
r + 1 = dimB. The affine scheme Spec(B) associated with B is the space whose
ring of functions coincides with B.

Assume that a ring B and a non-zero element f ∈ B are given. We consider the
following game, which we will call a resolution game of f ∈ B. It has two players 〈I〉
and 〈II〉, and they repeat steps under the same rule. At each step, if f has a normal
crossing in B, then the player 〈I〉 wins and they terminate the game. Otherwise,
〈I〉 chooses a non-singular closed subscheme of Spec(B). Let σ : Σ → Spec(B) be
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the blowing-up of the scheme Spec(B) with center in the chosen subscheme. Then,
the player 〈II〉 chooses a closed point s ∈ Σ lying over the unique closed point of
Spec(B). After replacing the pair (B, f) by the pair (B′, f ′) where B′ denotes the
completion of the local ring OΣ,s of Σ at s and f ′ denotes the image of f by the
ring homomorphism B → OΣ,s → B′, they proceed to the next step.

If 〈I〉 can always win the game whatever closed points 〈II〉 chooses, then we say
that f ∈ B can be resolved by iterated monoidal transformations, or we say f can
be resolved, in short. Note that we have decided to work in the category of germs,
and we have to use the concept of resolution games to formulate the words “f can
be resolved”.

A ring homomorphism B → B′ in the above form is called a monoidal transfor-
mation. Note that it is defined depending on a non-singular closed subscheme of
Spec(B) and a closed point s ∈ Σ. A composition of a finite number of monoidal
transformations is called an iterated monoidal transformation.

By A∗ we denote the set of invertible elements of a ring A.

Theorem 1.1. Assume that the set X of pairs (B, f) such that f �= 0 and f ∈ B
cannot be resolved is not empty. Let n+1 = min{dimB | (B, f) ∈ X}. There exists
an element (B, g) ∈ X with n + 1 = dimB such that there are an element t ∈ B,
a positive integer m, an infinite sequence {Bν | 0 ≤ ν < ∞} of complete regular
local k-algebras with B0 = B, and an infinite sequence {Bν → Bν+1 | 0 ≤ ν < ∞}
of iterated monoidal transformations with the following properties: We denote an
element in Bν and its image in B = lim−→ νBν = ∪∞

ν=0Bν or in Bµ for µ ≥ ν by the
same symbol. There exist an infinite sequence

{Pν = {xν,1, xν,2, . . . , xν,n} | 0 ≤ ν <∞}
of finite subsets Pν ⊂ Bν , an infinite sequence

{Hν | 1 ≤ ν <∞}
of elements Hν ∈ Bν , an infinite sequence

{(bν,1, bν,2, . . . , bν,n) | 1 ≤ ν <∞}
of n-tuples (bν,1, bν,2, . . . , bν,n) of non-negative integers bν,i, an infinite sequence

{ην | 1 ≤ ν <∞}
of elements ην ∈ Bν , and an infinite sequence

{(Fν,1, Fν,2, . . . , Fν,m) | 0 ≤ ν <∞}
of m-tuples (Fν,1, Fν,2, . . . , Fν,m) of elements Fν,j ∈ Bν satisfying the conditions
(1.ν), (5.ν) below for every non-negative integer ν, and the conditions (2.ν), (3.ν),
(4.ν), (6.ν) below for every positive integer ν.
(1.ν) The set Pν ∪ {t} = {xν,1, xν,2, . . . , xν,n, t} is a parameter system of a regular

local ring Bν . For simplicity, we write Zν = k[[xν,1, xν,2, . . . , xν,n]] (the closed
k-subalgebra of Bν generated by Pν), and

xbν
ν = xbν,1

ν,1 x
bν,2
ν,2 · · ·xbν,n

ν,n =
n∏

i=1

x
bν,i

ν,i .

(2.ν) For every 1 ≤ i ≤ n, xν−1,i ∈ Zν and xν−1,i has a normal crossing with
respect to the parameter system Pν of Zν .
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(3.ν) At least one of bν,1, bν,2, . . . , bν,n is not zero. (Note that xbν
ν belongs to the

maximal ideal of Zν .)
(4.ν)

Hν = ην
ν∏

µ=1

xbµ
µ , ην ∈ Z∗

ν .

(Note that Hν belongs to the ν-th power of the maximal ideal of Zν .)
(5.ν) We write tν = t+

∑ν
µ=1Hµ ∈ Zν . The pair (g, tν) is a separable Weierstrass

pair over (Bν , Pν). The element Fν,j belongs to the maximal ideal of Zν for
every 1 ≤ j ≤ m, and

g = tmν +
m∑
j=1

(
ν∏

µ=1

xbµ
µ

)j

Fν,jt
m−j
ν .

We understand
∑0

µ=1Hµ = 0 and
∏0

µ=1 x
bµ
µ = 1 here as a convention.

(6.ν) (Note that Fν−1,j ∈ Zν−1 ⊂ Zν for every 1 ≤ j ≤ m.) For every 1 ≤ j ≤ m
Fν−1,j

(xbν
ν )j

∈ Zν , and for some 1 ≤ j ≤ m Fν−1,j

(xbν
ν )j

∈ Z∗
ν .

Remark . 1. See Definition 2.16 and Definition 2.19 for the terminology “separable
Weierstrass pair” in (5.ν).
2. By the equality in (5.ν) it is intuitively quite plausible that

g = lim
ν→∞


tmν +

m∑
j=1

(
ν∏

µ=1

xbµ
µ

)j

Fν,jt
m−j
ν


 = ( lim

ν→∞
tν)m = (t+

∞∑
ν=1

Hν)m,

since ordZν (
(∏ν

µ=1 x
bµ
µ

)j

Fν,j) ≥ jν, ordZν (Hν) ≥ ν, and ordZν ≥ ordZµ for ν ≥ µ.
If this is true, then we can conclude that g = (t + H)m for some H ∈ Z0

by a refinement of the Weierstrass preparation theorem in positive characteristic
(Lemma 2.20), and that the set X is empty, since g = (t+H)m ∈ B has a normal
crossing and thus g can be resolved by definition.

However, it is very hard to give a meaning to the above limit, since the ring
Z = lim−→ νZν is not necessarily noetherian.

We could improve the above result, if we could find wiser strategy for the player
〈I〉. However, I believe that the latter remark above is the essential problem of the
resolution theory, and I write this paper to focus targets of the future study and to
establish essential concepts such as the Abhyankar condition and “not reductive”.
In the subsequent paper we will try to overcome this difficulty, and will give some
results.

The rings Bν ’s are complete, because we apply the Weierstrass preparation the-
orem in the essential part of our theory.

I hope that this paper together with several related results in a few years
(Kuhlmann [6], Spivakovsky [8].) will play a key role to open the door toward
the final solution of resolution of singularities.

Let Γ be a totally ordered abelian group. Often in this paper we associate a
special element ∞ called the infinity with Γ. We assume that the element ∞
satisfies the following two conditions:

1. ∞ ≥ ∞, ∞ + ∞ = ∞, and n∞ = ∞n = ∞ for every positive integer n.
2. For every element γ ∈ Γ γ �= ∞, γ <∞ and γ + ∞ = ∞ + γ = ∞.
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Any positive integer m can be written uniquely in the form m = lq where l is
an integer prime to p and q = pδ is a power of p. The exponent δ is a non-negative
integer. The pair (l, q) is called the p-decomposition of m. For simplicity we say
that m = lq is the p-decomposition of m, or that m = lpδ is the p-decomposition
of m.

By Z, Q and R we denote the ring of integers, the rational number field and the
real number field respectively. By Z0 we denote the set of non-negative integers.

The number of elements in a finite set X is denoted by !X.
Section 1 is the introduction. Sections 2 is a preliminary part. We collect

results on commutative rings. In Section 3 we give definitions for fundamental ob-
jects in our formulation such as a space germ, a framed space germ, a basic space
germ, an elementary monoidal transform, an iterated elementary monoidal trans-
form (an IEMT, in short), an iterated analytic monoidal transform (an IAMT,
in short), and so forth. In Section 4 we explain the concept of framed resolu-
tion games, which plays an important role in this paper. The concept of Weier-
strass representations is introduced in Section 5. This concept plays the central
role in our theory. The Abhyankar condition, the strong Abhyankar condition
and the condition “reductive” are defined for Weierstrass representations. The
Abhyankar condition is essentially equivalent to the claim (6.ν) in Theorem 1.1.
The condition “not reductive” is very important in characteristic positive. Let
G1, G2, . . . , Gm ∈ Z = k[[x1, x2, . . . , xn]] and g = tm +

∑m
j=1Gjt

m−j . We define
w(g, t) = min{ord(Gj)/j | 1 ≤ j ≤ m} ∈ Q ∪ {∞}. Note that for any H ∈ Z
there are elements G′

1, G
′
2, . . . , G

′
m ∈ Z with g = (t+H)m +

∑m
j=1G

′
j(t+H)m−j .

Thus w(g, t + H) = min{ord(G′
j)/j | 1 ≤ j ≤ m} is defined. The pair (g, t) is

said to be reductive, if there is an element H ∈ Z with w(g, t) < w(g, t +H). In
Section 6 we show that if a Weierstrass representation satisfies both the Abhyankar
condition and the condition “not reductive”, then the singularity can be resolved
even in characteristic positive. By this result our goal becomes to modify a given
Weierstrass representation to satisfy both conditions. An effective tool called a
reduction sequence is introduced in Section 7 to treat both the Abhyankar condi-
tion and the condition “not reductive” simultaneously. Central ideas of a reduction
sequence are like the following: Let Z0 = Z. We consider a pair (g, t0) = (g, t)
as above. Assume that we have already obtained rings Z0, Z1, . . . , Zν−1 and pairs
(g, t0), (g, t1), . . . , (g, tν−1). By the induction hypothesis on dimensions there exists
an IAMT Zν of Zν−1 such that the pair (g, tν−1) satisfies the Abhyankar condition,
if we regard the coefficient functions Gν−1,1, Gν−1,2, . . . , Gν−1,m ∈ Zν−1 of g as ele-
ments in Zν by the iterated monoidal transformation Zν−1 → Zν . If (g, tν−1) is not
reductive when we regard Gν−1,j ’s as elements in Zν , then we terminate our proce-
dure. Otherwise, we choose an element Hν ∈ Zν with w(g, tν−1) < w(g, tν−1 +Hν)
and put (g, tν) = (g, tν−1+Hν). The sequence obtained by repeating this procedure
is called a reduction sequence. We will see in Section 8 that if there is a function
which cannot be resolved, then there exists a reduction sequence with infinite length
and that any member Gν,j of the coefficient functions of (g, tν) has a very special
form as in Theorem 1.1.

After I sent the first draft of this paper to the AMS preprint server, Joseph
Lipman kindly informed me that Section 4 of Bierstone and Milman [3] (and Section
3 of Bierstone and Milman [4]) contains the same results as ones in Appendix of
Abhyankar [2], and I received envelope containing a lot of results by Bierstone and
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Milman from Bierstone. By Lemma 4.7 in Bierstone and Milman [3] (or Lemma
3.12 in Bierstone and Milman [4]) I could improve some descriptions in Section 3
and Section 5 of my manuscript. Because of difference on how to choose centers of
monoidal transformations among in [2], in [3] and in [4], I take Abhyankar [2] as
the basis of our theory in this paper. (The methods in [2] and [3] are simpler, but
they choose centers even outside the zero-locus of the function under consideration.
Two methods are slightly different. In the third method in [4] they choose centers
inside the singular sets of the zero-locus of the function. The third can be regarded
as the improvement of the second one in [3].)

This work was accomplished during my stay at Max-Planck-Institut für Mathe-
matik at Bonn in the period of October 1998 to March 1999. I express thanks to
Max-Planck-Institut for warm hospitality. I thank also Herwig Hauser for hospi-
tality and interesting discussions we held at Innsbruck University.

2. Ring theory

In this section we review several important points in the ring theory and explain
non-standard concepts.

By a ring we mean a commutative ring with the identity. We use standard ter-
minologies in the commutative ring theory. (Matsumura [7]. Zariski-Samuel [10].)

Let A be a ring. By A∗ we denote the set of invertible elements of A, i.e.,

A∗ = {a ∈ A | There exists an element b ∈ A with ab = 1}.

A ring with the unique maximal ideal is called a local ring. For a local ring A
by M(A) we denote the maximal ideal of A. A local ring A is the disjoint union of
A∗ and M(A).

By Z0 we denote the set of non-negative integers.

Let A be a ring. The binomial coefficient
(
r

j

)
is the mapping (r, j) ∈ Z2

0 �→(
r

j

)
∈ A satisfying the following two conditions:

1. If 0 ≤ r < j, then
(
r

j

)
= 0.

2. For every non-negative integer r the equality

(t+ 1)r =
r∑

j=0

(
r

j

)
tj

holds in the ring A[t], where t is an algebraically independent element over
A.

Lemma 2.1. If 0 ≤ a ≤ b and a ≤ r, then(
b

a

)(
r

b

)
=

(
r

a

)(
r − a
b− a

)
.

Proof. Let t, u be algebraically independent elements over A. Computing (tu+u+
1)r in two different ways we obtain the claim.
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Lemma 2.2. Assume that a ring A contains a field of characteristic p. Let δ and
l be non-negative integers. If a non-negative integer j is not a multiple of pδ, then(

lpδ

j

)
= 0.

If there is a non-negative integer i with j = ipδ, then(
lpδ

j

)
=

(
lpδ

ipδ

)
=

(
l

i

)
.

Let n be a non-negative integer, and x0, x1, . . . , xn n + 1 of variables. We
consider the formal power series ring k[[x]] = k[[x0, x1, . . . , xn]] over k. Any element
f ∈ k[[x]] can be written uniquely in the form

f =
∑

α∈Z
n+1
0

fαx
α,

where α = (α0, α1, . . . , αn) ∈ Zn+1
0 , α0, α1, . . . , αn are non-negative integers, fα ∈

k for any α ∈ Zn+1
0 , and xα = xα0

0 x
α1
1 · · ·xαn

n .

Lemma 2.3. 1. The ring k[[x]] is a noetherian complete regular local ring of
dimension n+1, and is a unique factorization domain (UFD, in short.) with
the unique maximal ideal M(k[[x]]) = {f ∈ k[[x]] | f(0,0,... ,0) = 0}. The set
{x0, x1, . . . , xn} is a parameter system of k[[x]].

2. Let y0, y1, . . . , yn be n + 1 elements in k[[x]]. The following three conditions
are equivalent:
(a) The set {y0, y1, . . . , yn} is a parameter system of k[[x]].
(b) There exists a unique continuous isomorphism ϕ : k[[x]] → k[[x]] of k-

algebras satisfying ϕ(xi) = yi for every 0 ≤ i ≤ n.
(c) y0, y1, . . . , yn ∈M(k[[x]]) and det(∂yi/∂xj) �∈M(k[[x]]).

Definition 2.4. 1. Let Q = {x0, x1, . . . , xn} be a parameter system of the ring
k[[x]] and f ∈ k[[x]]. We say that f has a normal crossing with respect to Q,
if there are non-negative integers β0, β1, . . . , βn with

f

xβ0
0 x

β1
1 · · ·xβn

n

∈ k[[x]]∗.

2. An element f ∈ k[[x]] is said to have a normal crossing, if there is a parameter
system Q of k[[x]] such that f has a normal crossing with respect to Q.

Lemma 2.5. Let Q be a parameter system of k[[x]], and f ∈ k[[x]], g ∈ k[[x]].
1. The following two conditions are equivalent:

(a) The product fg has a normal crossing with respect to Q.
(b) Both f and g have a normal crossing with respect to Q.

2. If the product fg has a normal crossing, then both f and g have a normal
crossing.

Proof. It follows from the uniqueness of the irreducible decomposition.

Let w = (w0, w1, . . . , wn) ∈ Zn+1
0 , and Q = {x0, x1, . . . , xn} be a parameter

system of k[[x]]. We will define a map

ordw : k[[x]] → Z0 ∪ {∞}



SINGULARITIES WHICH CANNOT BE RESOLVED 7

associated with w and Q. The value ordw(f) ∈ Z0 ∪{∞} for f ∈ k[[x]] is called the
order of f with weight w. Let f =

∑
α∈Z

n+1
0
fαx

α ∈ k[[x]] be an element. If f = 0,
then we put ordw(f) = ∞. Assume f �= 0. Let

ex(f) = {α ∈ Zn+1
0 | fα �= 0}.

Since f �= 0, the set ex(f) is not empty. We define

ordw(f) = min{
n∑

i=0

wiαi | (α0, α1, . . . , αn) ∈ ex(f)} ∈ Z0.

Lemma 2.6. 1. If f, g ∈ k[[x]], then ordw(fg) = ordw(f) + ordw(g).
2. If f, g ∈ k[[x]], then ordw(f + g) ≥ min{ordw(f), ordw(g)}.
3. Assume that wi = 0 for 0 ≤ i ≤ m and wi > 0 for m + 1 ≤ i ≤ n. We

have ordw(f) = 0 if and only if f(α0,α1,... ,αm,0,0,... ,0) �= 0 for some m + 1
non-negative integers α0, α1, . . . , αm.

4. Assume that wi > for every 0 ≤ i ≤ n. We have ordw(f) = 0 if and only if
f ∈ k[[x]]∗.

Let E denote the field of fractions of k[[x]]. We can define an extended map

ordw : E → Z ∪ {∞}

by putting ordw(h) = ordw(f)− ordw(g), where h ∈ E, and f, g ∈ k[[x]] with g �= 0
are elements with h = f/g.

If wi = 1 for every 0 ≤ i ≤ n, we write ord instead of ordw. The value ord(f) is
called the order of f .

Lemma 2.7. 1. The map ordw : E → Z ∪ {∞} associated with an element
w ∈ Zn+1

0 and a parameter system Q is a valuation of the field E with the
value group Z.

2. ordw(f) ≥ 0 for every f ∈ k[[x]].
3. Assume that wi > 0 for every 0 ≤ i ≤ n. If f ∈ k[[x]] and ordw(f) = 0, then
f ∈ k[[x]]∗.

4. Assume wi = 1 for every 0 ≤ i ≤ n. Then, ordw = ord does not depend on
the choice of the parameter system Q.

Proof. We consider claim 4. Under the assumption we have ordw(f) = max{ν |
f ∈M(k[[x]])ν}, which shows the claim.

Definition 2.8. Let f ∈ k[[x]] be a non-zero element. Let f = ugβ1
1 g

β2
2 · · · gβr

r

be the irreducible decomposition of f , where g1, g2, . . . , gr ∈ k[[x]] are irreducible
elements such that any two of them are coprime, u ∈ k[[x]]∗ and β1, β2, . . . , βr are
positive integers. We assume that ord(gi) > 1 for 1 ≤ i ≤ s and ord(gi) = 1 for
s+ 1 ≤ i ≤ r.

1. A triplet (v, hs, hn) satisfying the following conditions are called the singular
non-singular decomposition of f .
(a) f = vhshn. v ∈ k[[x]]∗. hs ∈ k[[x]]. hn ∈ k[[x]].
(b)

hs

gβ1
1 g

β2
2 · · · gβs

s

∈ k[[x]]∗.
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(c)
hn

g
βs+1
s+1 g

βs+2
s+2 · · · gβr

r

∈ k[[x]]∗.

2. Let (v, hs, hn) be the singular non-singular decomposition of f . We call
ord(hs) the singular order of f , and denote it by sord(f). We call ord(hn)
the non-singular order of f , and denote it by nord(f).

Lemma 2.9. 1. The singular order sord(f) and the non-singular order nord(f)
of an element f ∈ k[[x]] − {0} are well-defined. They do not depend on
the choice of the singular non-singular decomposition (v, hs, hn) of f in the
definition.

2. sord(f) and nord(f) are non-negative integers. ord(f) = sord(f) + nord(f).
sord(f) �= 1. sord(fg) = sord(f) + sord(g). nord(fg) = nord(f) + nord(g).

Let w = (w0, w1, . . . , wn) ∈ Zn+1
0 , and Q = {x0, x1, . . . , xn} be a parameter

system of k[[x]].
Let f =

∑
α∈Z

n+1
0
fαx

α ∈ k[[x]] be a non-zero element. Let iex(f) = {α ∈ ex(f) |∑n
i=0 wiαi = ordw(f)}. Putting

inw(f) =
∑

α∈iex(f)

fαx
α,

we call inw(f) the w-initial polynomial of f . For f = 0 ∈ k[[x]] we define inw(0) = 0.
We can check that inw(fg) = inw(f)inw(g) for any f, g ∈ k[[x]].
Assume that wi = 0 for 0 ≤ i ≤ m and wi > 0 for m+ 1 ≤ i ≤ n. One sees that

inw(f) ∈ k[[x0, x1, . . . , xm]][xm+1, xm+2, . . . , xn].
We say that f is a w-homogeneous polynomial, if f = inw(f). If wi > 0 for every

0 ≤ i ≤ n, then any w-homogeneous polynomial contains only a finite number of
terms, and it is a polynomial with coefficients in k.

Consider the case where wi = 1 for every 0 ≤ i ≤ n in particular. In this
case inw(f) does not depend on the choice of the parameter system Q. We write
in(f) instead of inw(f), and call in(f) the initial polynomial of f . It has only a
finite number of terms. Also in this case a w-homogeneous polynomial is called a
homogeneous polynomial.

In the theorem below one of n+ 1 variables plays a special role. Putting t = x0,
and yi = xi for 1 ≤ i ≤ n, we write

k[[t, y]] = k[[t, y1, y2, . . . , yn]] = k[[x]],
k[[y]] = k[[y1, y2, . . . , yn]].

Theorem 2.10 (Weierstrass division theorem). Let w = (w0, w1, . . . , wn) ∈ Zn+1
0 .

We assume that wi > 0 for every 0 ≤ i ≤ n. Let f ∈ k[[t, y]]. Assume that
inw(f)(1, 0, 0, . . . , 0) �= 0, where inw(f)(1, 0, 0, . . . , 0) denotes the result of substi-
tution t = 1, y1 = y2 = · · · = yn = 0 in the w-initial polynomial of f .

1. The quotient m = ordw(f)/ordw(t) is a non-negative integer.
2. For every h ∈ k[[t, y]] there exists a unique set of an element e ∈ k[[t, y]] and
m numbered elements H1, H2, . . . , Hm ∈ k[[y]] satisfying

h = ef +
m∑
j=1

Hjt
m−j .

Proof. Not difficult.
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Corollary 2.11 (Weierstrass preparation theorem). Let w = (w0, w1, . . . , wn) ∈
Zn+1

0 . We assume that wi > 0 for every 0 ≤ i ≤ n. Let f ∈ k[[t, y]]. Assume
that inw(f)(1, 0, 0, . . . , 0) �= 0. Let m = ordw(f)/ordw(t), which is a non-negative
integer.

1. There exists a unique set of an element e ∈ k[[t, y]] and m numbered elements
G1, G2, . . . , Gm ∈ k[[y]] satisfying

ef = tm +
m∑
j=1

Gjt
m−j .

2. e ∈ k[[t, y]]∗, and ordw(Gj) ≥ j ordw(t) for every 1 ≤ j ≤ m.
3. The element g = tm +

∑m
j=1Gjt

m−j ∈ k[[t, y]] belongs to the subring k[[y]][t],
or the ring of polynomials with variable t with coefficients in k[[y]]. ordw(g) =
m ordw(t).

Proof. It follows from the special case of Theorem 2.10 where h = tm.

Lemma 2.12. Let f ∈ k[[x]] = k[[x0, x1, . . . , xn]] be a non-zero element.
1. There exist n elements a1, a2, . . . , an ∈ k with in(f)(1, a1, a2, · · · , an) �= 0,

where in(f)(1, a1, a2, · · · , an) denotes the result of substitution x0 = 1, x1 =
a1, x2 = a2, . . . , xn = an in in(f).

2. Assume that in(f)(1, a1, a2, · · · , an) �= 0 for a1, a2, . . . , an ∈ k. Let t = x0

and yi = xi−aix0 for 1 ≤ i ≤ n. Then t, y1, y2, . . . , yn is a parameter system
of k[[x]], and the result of substitution t = 1, y1 = y2 = · · · = yn = 0 in in(f)
is not zero.

Proposition 2.13. Let f1, f2, . . . , f� ∈ k[[x]] = k[[x0, x1, . . . , xn]] be a finite num-
ber of elements with f = f1f2 · · · f� �= 0. Let mν = ord(fν) for 1 ≤ ν ≤ 3.

Let a1, a2, . . . , an ∈ k be elements with in(f)(1, a1, a2, . . . , an) �= 0.
Let t, y1, y2, . . . , yn be the parameter system of k[[x]] satisfying t = x0 and yi =

xi − aix0 for 1 ≤ i ≤ n. We denote k[[t, y]] = k[[t, y1, y2, . . . , yn]] = k[[x]] and
k[[y]] = k[[y1, y2, . . . , yn]]. For every 1 ≤ ν ≤ 3 the following 1–3 hold:

1. The result of substitution t = 1, y1 = y2 = · · · = yn = 0 in the initial
polynomial of fν is not equal to 0.

2. There exists a unique set of an element eν ∈ k[[t, y]] and mν numbered ele-
ments Gν,1, Gν,2, . . . , Gν,mν ∈ k[[y]] satisfying eνfν = tmν +

∑mν

j=1Gν,jt
mν−j.

3. eν ∈ k[[t, y]]∗, and ord(Gν,j) ≥ j for every 1 ≤ j ≤ mν .

Proof. It follows from Lemma 2.12 and Corollary 2.11.

Lemma 2.14. Let f ∈ k[[x0, x1, . . . , xn]]. The following three conditions are equiv-
alent:

1. f ∈ k[[xp0, xp1, . . . , xpn]].
2. There exists g ∈ k[[x0, x1, . . . , xn]] with f = gp.
3. ∂f

∂xi
= 0 for every 0 ≤ i ≤ n.

Lemma 2.15. Let f ∈ k[[x]] = k[[x0, x1, . . . , xn]] be an irreducible element. We
define a k-linear map

λ : kn+1 → k[[x]]/fk[[x]]
by λ(a0, a1, a2, . . . , an) =

∑n
i=0 ai(∂f/∂xi) mod fk[[x]].

1. The map λ is not zero.
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2. There is a homogeneous polynomial h of degree 1 whose zero-locus contains
the kernel of λ.

Proof. 1. By Lemma 2.12 we have in(f)(1, 0, 0, · · · , 0) �= 0 after a linear coordinate
change. By Corollary 2.11 we have an invertible element e ∈ k[[x]]∗ andm numbered
elements G1, G2, . . . , Gm ∈ k[[x1, x2, . . . , xn]] where m = ord(f) satisfying

ef = g, g = xm0 +
m∑
j=1

Gjx
m−j
0 .

Assume that λ is zero. For every 0 ≤ i ≤ n we have

∂g

∂xi
=
∂e

∂xi
f + e

∂f

∂xi
∈ fk[[x]].

Thus, there is e1 ∈ k[[x]] with ∂g
∂xi

= e1f .
On the other hand, we can write

∂g

∂xi
=

{
0 · f +mxm−1

0 +
∑m

j=2(m− j + 1)Gj−1x
m−j
0 if i = 0,

0 · f +
∑m

j=1
∂Gj

∂xi
xm−j

0 if 1 ≤ i ≤ n.

By Theorem 2.10.2 we have e1 = 0 and ∂g
∂xi

= 0. By Lemma 2.14 there is g1 ∈ k[[x]]
with g = gp1 . Thus f = gp1/e is not irreducible, which contradicts the assumption.
2. Obvious.

Definition 2.16. 1. Assume that a parameter system Q of the ring k[[x]] is
given. We call a pair (g, t) of elements g ∈ k[[x]] and t ∈ Q a semi-
Weierstrass pair of k[[x]] under Q, if there exist a non-negative integer m
and m elements G1, G2, . . . , Gm ∈ k[[y]] = k[[y1, y2, . . . , yn]] satisfying g =
tm +

∑m
j=1Gjt

m−j , where y1, y2, . . . , yn are elements in Q except t.
2. A non-empty subset of a parameter system of a regular local ring is called a

partial parameter system.
3. Assume that a partial parameter system P of the ring k[[x]] with ! P =

dim k[[x]]−1 is given. We call a pair (g, t) of elements g ∈ k[[x]] and t ∈ k[[x]]
a semi-Weierstrass pair of k[[x]] over P , if t �∈ P and the union P ∪ {t} is
a parameter system of k[[x]], and if there exist a non-negative integer m
and m elements G1, G2, . . . , Gm ∈ k[[y]] = k[[y1, y2, . . . , yn]] satisfying g =
tm +

∑m
j=1Gjt

m−j , where P = {y1, y2, . . . , yn}.
4. The integer m is called the degree of (g, t), and is denoted by deg(g, t).
5. The m-tuple (G1, G2, . . . , Gm) of elements in k[[y]] is called the coefficient

functions of (g, t).
6. If m = deg(g, t) = 0, we define w(g, t) = ∞. If m = deg(g, t) > 0, we define

w(g, t) = min{ord(Gj)/j | 1 ≤ j ≤ m}. We call w(g, t) ∈ Q∪{∞} the weight
of (g, t).

7. For 1 ≤ j ≤ m = deg(g, t), let

Gj =
{

0 if ord(Gj) > j w(g, t)
in(Gj) if ord(Gj) = j w(g, t).

The polynomial tm +
∑m

j=1Gjt
m−j is called the initial polynomial of (g, t),

and is denoted by in(g, t).
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8. If the coefficient functions (G1, G2, . . . , Gm) of a semi-Weierstrass pair (g, t)
satisfies ord(Gj) ≥ j for every 1 ≤ j ≤ m, then we say that the pair (g, t) is
a Weierstrass pair.

Lemma 2.17. Assume either that a parameter system Q of the ring k[[x]] is given,
or that a partial parameter system P of the ring k[[x]] with ! P = dim k[[x]] − 1 is
given. Let (g, t) be a semi-Weierstrass pair either under Q or over P .

1. The degree deg(g, t), the coefficient functions (G1, G2, . . . , Gm), the weight
w(g, t) and the initial polynomial in(g, t) of (g, t) are uniquely defined de-
pending on the pair (g, t).

2. deg(g, t) ≥ ord(g).
3. Let m = deg(g, t). The following three conditions are equivalent:

(a) w(g, t) = ∞.
(b) Gj = 0 for every 1 ≤ j ≤ m.
(c) in(g, t) = tm.

4. The following three conditions are equivalent:
(a) The pair (g, t) is a Weierstrass pair.
(b) deg(g, t) = ord(g).
(c) w(g, t) ≥ 1.

Lemma 2.18. Let Q be a parameter system of the ring k[[x]], and (g, t) and (g′, t)
semi-Weierstrass pairs under Q with the common second term t ∈ Q. Let D denote
the field of fractions of k[[y]] = k[[y1, y2, . . . , yn]] where y1, y2, . . . , yn are elements
in Q except t. Let g = gβ1

1 g
β2
2 · · · gβr

r be the irreducible decomposition in the ring
D[t]. We assume that the coefficient of the term with the highest degree in gν ∈ D[t]
is equal to 1 for every 1 ≤ ν ≤ r.

1. The pair (gg′, t) is a semi-Weierstrass pair. deg(gg′, t) = deg(g, t)+deg(g′, t).
The pair (gg′, t) is a Weierstrass pair, if and only if, both of (g, t) and (g′, t)
are Weierstrass pairs.

2. For every 1 ≤ ν ≤ r, gν ∈ k[[y]][t] ⊂ k[[x]].
3. Assume that (g, t) is a Weierstrass pair. For every 1 ≤ ν ≤ r, (gν , t) is

a Weierstrass pair, and the decomposition g = gβ1
1 g

β2
2 · · · gβr

r gives the irre-
ducible decomposition in the ring k[[x]].

Proof. The claim 2 follows from Lemma of Gauss. (Zariski-Samuel[10], Vol.I, p.32.)

Definition 2.19. Let P be a partial parameter system of the ring k[[x]], and
(g, t) a semi-Weierstrass pair over P . Let D denote the field of fractions of
k[[y]] = k[[y1, y2, . . . , yn]] where P = {y1, y2, . . . , yn}. Let g = gβ1

1 g
β2
2 · · · gβr

r be
the irreducible decomposition in the ring D[t]. A semi-Weierstrass pair (g, t) is
said to be separable, if gν is a separable polynomial in D[t] for every 1 ≤ ν ≤ r.

Note Lemma 2.15.

Lemma 2.20. Let f ∈ k[[x]] be a non-zero element, and f = ufα1
1 f

α2
2 · · · fαr

r

(u ∈ k[[x]]∗) the irreducible decomposition of f . For every 1 ≤ ν ≤ r we define a
k-linear map

λν : kn+1 → k[[x]]/fνk[[x]]
by λν(a0, a1, a2, . . . , an) =

∑n
i=0 ai(∂fν/∂xi) mod fνk[[x]]. Let hν be a homo-

geneous polynomial of degree 1 whose zero-locus contains the kernel of λν . Let
Ψ = in(f)

∏r
ν=1 hν .
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1. There exists elements a1, a2, . . . , an ∈ k with Ψ(1, a1, a2, . . . , an) �= 0.
2. Assume a1, a2, . . . , an ∈ k and Ψ(1, a1, a2, . . . , an) �= 0. Let t = x0, yi =
xi − aix0 for 1 ≤ i ≤ n, and Q = {t, y1, y2, . . . .yn}. There is an invertible
element e ∈ k[[x]]∗ such that (ef, t) is a separable Weierstrass pair under the
parameter system Q.

Proof. 1. It follows from that Ψ is a non-zero homogeneous polynomial.
2. We have in(f) = u(0)in(f1)α1 in(f2)α2 · · · in(fr)αr . Thus, Ψ(1, a1, a2, . . . , an) �=
0, if and only if, in(fν)αν (1, a1, a2, . . . , an) �= 0 and hν(1, a1, a2, . . . , an) �= 0 for ev-
ery 1 ≤ ν ≤ r. By definition hν(1, a1, a2, . . . , an) �= 0 implies λν(1, a1, a2, . . . , an) �=
0.

Let ν be an arbitrary integer with 1 ≤ ν ≤ r. By Lemma 2.12.2 and by Corol-
lary 2.11 we have an invertible element eν ∈ k[[x]]∗ such that (eνfν , t) is a Weier-
strass pair under Q. Let gν = eνfν ∈ D[t]. We have

∂gν
∂t

=
∂eν
∂t
fν + eν

∂fν
∂t

=
∂eν
∂t
fν + eν

ν∑
i=0

∂xi
∂t

∂fν
∂xi

=
∂eν
∂t
fν + eν

(
∂fν
∂x0

+
ν∑

i=1

ai
∂fν
∂xi

)
.

Since 0 �= λν(1, a1, a2, . . . , an) = ∂fν

∂x0
+

∑ν
i=1 ai

∂fν

∂xi
mod fνk[[x]], One has ∂gν

∂t �∈
fνk[[x]]. In particular, ∂gν

∂t �= 0, and gν is a separable polynomial in D[t]. Since
fν = gν/eν is irreducible in k[[x]], by Lemma 2.18.3 gν is irreducible in D[t].

Let e = eα1
1 e

α1
1 · · · eαr

r /u ∈ k[[x]]∗. We have ef = gα1
1 g

α1
1 · · · gαr

r . The pair (ef, t)
is a Weierstrass pair under Q by Lemma 2.18.1. Since the irreducible decomposition
in D[t] is unique, ef = gα1

1 g
α1
1 · · · gαr

r gives the irreducible decomposition in D[t].
Thus (ef, t) is separable.

3. Space germ

In this section we give the definition of our main objects, a space germ, a framed
space germ, a basic space germ, an elementary monoidal transform, an iterated
elementary monoidal transform (an IEMT, in short), an iterated analytic monoidal
transform (an IAMT, in short) and so on.

Let k[[x]] = k[[x0, x1, . . . , xr]] denote the formal power series ring over k with
r + 1 variables x0, x1, . . . , xr. We give the M(k[[x]])-adic topology to the ring
k[[x]]. Recall that a non-empty subset of a parameter system of a regular local ring
is called a partial parameter system. (Definition 2.16.2.)

Definition 3.1. 1. A ring B is called a space germ over k, if B is a topological
local k-algebra isomorphic to k[[x]] = k[[x0, x1, . . . , xr]] for some non-negative
integer r.

2. A partial parameter system Q of B is called a frame of B.
3. For any partial parameter system Q = {y0, y1, . . . , yn} of B by k[[Q]] we

denote the minimum closed k-subalgebra k[[y0, y1, . . . , yn]] of B generated by
y0, y1, . . . , yn.

4. A pair (B,Q), where B is a space germ over k, and Q is a frame of B, is
called a framed space germ over k.
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5. The number dimB = r+ 1 is called the dimension of a space germ B or of a
framed space germ (B,Q).

6. The number !Q of elements in Q is called the basic dimension of a framed
space germ (B,Q).

Lemma 3.2. Let (B,Q) be a framed space germ. Let A = k[[Q]]. The pair (A,Q)
is a framed space germ over k such that Q is a parameter system of A.

Definition 3.3. 1. Let (B,Q) be a framed space germ. The space germ B
without a frame is called the underlying space germ of (B,Q).

2. We call the framed space germ (A,Q) described in Lemma 3.2 the basic framed
space germ of a framed space germ (B,Q).

3. Let B and B′ be space germs. A continuous local homomorphism ϕ : B → B′

of k-algebras is called a morphism of space germs from B to B′.
4. Let (B,Q) and (B′, Q′) be framed space germs. A continuous local morphism
ϕ : B → B′ of k-algebras is called a morphism of framed space germs from
(B,Q) to (B′, Q′), if the following conditions are satisfied:
(a) ϕ(k[[Q]]) ⊂ k[[Q′]], and the induced homomorphism ϕ : k[[Q]] → k[[Q′]]

are local and continuous.
(b) There exists a parameter system R of B such that Q ⊂ R, ϕ(R−Q)∩Q′ =

∅, and ϕ(R−Q) ∪Q′ is a parameter system of B′.
We denote ϕ : (B,Q) → (B′, Q′).

Lemma 3.4. Let (B,Q) be a framed space germ, and A = k[[Q]].
1. The inclusion homomorphism A ⊂ B defines a morphism A → B of space

germs.
2. Let R = {x0, x1, . . . , xr} be a parameter system of B containing the param-

eter system Q = {x0, x1, . . . , xn} of A. Let R′ = {y0, y1, . . . , ys} be a fi-
nite subset of B containing a parameter system Q′ = {y0, y1, . . . , yn} of A.
Then, R′ is a parameter system of B, if and only if, s = r, R′ ⊂ M(B) and
det(∂yj/∂xi)n<i, j≤r /∈M(B).

We call the morphism A→ B in Lemma 3.4.1 the inclusion morphism.

Lemma 3.5. Let ϕ : (B,Q) → (B′, Q′) be a morphism of framed space germs. Let
A = k[[Q]], and A′ = k[[Q′]].

1. For any parameter system R1 of B containing a parameter system Q1 of A
and for any parameter system Q′

1 of A′, the union ϕ(R1 − Q1) ∪ Q′
1 is a

parameter system of B′.
2. The morphism ϕ induces a morphism ϕ• : B → B′ of underlying space germs.
3. The morphism ϕ induces a morphism ϕ : (A,Q) → (A′, Q′) of basic framed

space germs.

Proof. 1. It follows from Lemma 3.4.2.

We call ϕ• the underlying morphism of ϕ, while we call ϕ the basic morphism
of ϕ.

Lemma 3.6. Let ϕ : (B,Q) → (B′, Q′) be a morphism of framed space germs. Let
Q1 be a partial parameter system of B with Q ⊂ Q1.

Let Q′
1 = Q′ ∪ ϕ(Q1 − Q). The set Q′

1 is a partial parameter system of B′. It
satisfies Q′ ⊂ Q′

1 and ! (Q1 − Q) = ! (Q′
1 − Q′). There exists a unique morphism
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ϕ1 : (B,Q1) → (B′, Q′
1) of framed space germs such that ϕ• = (ϕ1)• and the

following diagram is commutative:

k[[Q]] −−−−→ k[[Q1]] −−−−→ B�ϕ•

�(ϕ
1
)•

�ϕ•=(ϕ1)•

k[[Q′]] −−−−→ k[[Q′
1]] −−−−→ B′

Proof. The claim on Q′
1 follows from Lemma 3.5.1. The remaining parts are easy.

Definition 3.7. Let (B,Q) be a framed space germ, andQ′ an arbitrary parameter
system of k[[Q]]. The pair (B,Q′) is a framed space germ, and we call it a coordinate
transform of (B,Q).

The morphism (B,Q) → (B,Q′) of space germs induced by the identity homo-
morphisms of B is called a coordinate transformation.

Note that the morphism (B,Q) → (B,Q′) can be defined above, since for any
parameter system R of B containing Q, the union (R − Q) ∪ Q′ is a parameter
system of B containing Q′. (Lemma 3.4.2.)

We will define an elementary monoidal transform of a framed space germ.
Let (B,Q) be a framed space germ. Let C ⊂ Q be a subset containing at least

two elements, x0 ∈ C an arbitrary element, and λ : C−{x0} → k an arbitrary map
from C − {x0} to k. By σ : Σ → Spec(B) we denote the blowing-up with center
in the non-singular closed subscheme of Spec(B) defined by the ideal generated by
elements in C. We denote C = {x0, x1, . . . , xt} and λi = λ(xi) ∈ k for 1 ≤ i ≤ t.

Consider a B-subalgebra

B1 = B[
x1

x0
,
x2

x0
, · · · , xt

x0
]

generated by t elements x1/x0, x2/x0, · · · , xt/x0 in the field of fractions of B. The
affine scheme Spec(B1) is a coordinate chart of Σ, and t+1 affine schemes Spec(B1)’s
obtained when x0 runs on C covers Σ. Let m be the ideal in B1 generated by the
maximal ideal M(B) of B and t elements xi

x0
− λi, 1 ≤ i ≤ t. We have B1/m ∼= k

and m ∩ B = M(B). Thus m is a maximal ideal of B1, and defines a closed point
s ∈ Spec(B1) ⊂ Σ lying over the unique closed point of Spec(B). Let B2 = (B1)m.
One has OΣ,s = B2. Let y0 = x0 and yi = (xi/x0) − λi for 1 ≤ i ≤ t, and
Q′ = (Q−C) ∪ {y0, y1, . . . , yt}. One sees that B2 is a regular local ring, and Q′ is
a frame of B2.

Let B′ be the completion of B2. Ring B′ is a complete regular local ring and Q′

is a frame of B′. Ring B′ coincides with the completion of B1 with respect to the
ideal m. The inclusion homomorphism B ⊂ B2 and the canonical homomorphism
B2 → B′ to the completion define an injective continuous homomorphism B → B′

of k-algebras.
The pair (B′, Q′) is a framed space germ over k.
Let A = k[[Q]], A′ = k[[Q′]] A1 = A[x1/x0, x2/x0, . . . , xt/x0], and l = A1 ∩ m.

One sees easily that the completion of A1 with respect to l coincides with A′. Thus
composing the inclusion homomorphism A→ A1 and the canonical homomorphism
A1 → A′ to the completion, we obtain an injective continuous homomorphism
A → A′ of k-algebras. Obviously A → A′ coincides with the restriction of the
homomorphism B → B′ to A.
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The homomorphism B → B′ induces a morphism (B,Q) → (B′, Q′) of framed
space germs.

Definition 3.8. Let (B,Q) be a framed space germ over k.
1. A triplet (C, x0, λ) satisfying the following three conditions is called a datum

of a monoidal transformation over (B,Q).
(a) C ⊂ Q. C contains at least two elements.
(b) x0 ∈ C.
(c) λ : C − {x0} → k is a map.

2. Let (C, x0, λ) be a datum of a monoidal transformation over (B,Q). Let
B′ denote the ring described above. For every x ∈ C with x �= x0 we set
yx = (x/x0) − λ(x). Let Q′ = (Q − C) ∪ {x0} ∪ {yx | x ∈ C, x �= x0}. The
framed space germ (B′, Q′) is called the elementary monoidal transform of
(B,Q) associated with a datum (C, x0, λ).

3. The induced morphism (B,Q) → (B′, Q′) described above is called the
monoidal transformation associated with the elementary monoidal transform
(B′, Q′).

4. A space germ B′ without a frame is called an elementary monoidal transform
of B, if there exist a frame Q of B and a datum (C, x0, λ) of a monoidal
transformation over (B,Q) such that the underlying space germ of the el-
ementary monoidal transform (B′, Q′) of (B,Q) associated with (C, x0, λ)
coincides with B′. The underlying morphism B → B′ of the monoidal trans-
formation (B,Q) → (B′, Q′) is called the monoidal transformation associated
with the elementary monoidal transform B′ of B.

Definition 3.9. Let (B,Q) and (B′, Q′) be framed space germs over k. We con-
sider a finite sequence {(Bν , Qν) | 0 ≤ ν ≤ ω} of framed space germs and conditions
below.

1. (B,Q) = (B0, Q0), (B′, Q′) = (Bω, Qω).
2. For every number ν with 1 ≤ ν ≤ ω, (Bν , Qν) is an elementary monoidal

transform of (Bν−1, Qν−1) associated with some datum.
3. For every number ν with 1 ≤ ν ≤ ω, (Bν , Qν) is an elementary monoidal

transform of (Bν−1, Qν−1) associated with some datum, or a coordinate trans-
form of (Bν−1, Qν−1).)

If there is a sequence {(Bν , Qν) | 0 ≤ ν ≤ ω} satisfying 1 and 2, then we say
that (B′, Q′) is an iterated elementary monoidal transform, or an IEMT in short,
of (B,Q). If there is a sequence {(Bν , Qν) | 0 ≤ ν ≤ ω} satisfying 1 and 3, then
we say that (B′, Q′) is an iterated analytic monoidal transform, or an IAMT in
short, of (B,Q). The composition (B,Q) = (B0, Q0) → (Bω, Qω) = (B′, Q′) of ω
associated morphisms (Bν−1, Qν−1) → (Bν , Qν), 1 ≤ ν ≤ ω is called the iterated
monoidal transformation, or IMT in short, associated with the IEMT or IAMT
(B′, Q′) of (B,Q).

A space germ B′ without a frame is called an IAMT of B, if there exist a frame Q
of B and an IAMT (B′, Q′) of (B,Q) such that the underlying space germ of (B′, Q′)
coincides with B′. The underlying morphism B → B′ of the IMT (B,Q) → (B′, Q′)
is called the iterated monoidal transformation associated with the IAMT B′ of B.

Definition 3.10. Let (B,Q) be a framed space germ over k, and (C, x0, λ) and
(C ′, x′0, λ

′) data of a monoidal transformation over (B,Q). We say that (C, x0, λ)
and (C ′, x′0, λ

′) are equivalent, if one of the following two conditions holds:
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1. (C, x0, λ) = (C ′, x′0, λ
′)

2. C = C ′, x0 �= x′0, λ(x
′
0)λ

′(x0) = 1, and λ(y) = λ′(y)/λ′(x0) for every y ∈
C − {x0, x

′
0}.

Lemma 3.11. 1. The relation of data of a monoidal transformation defined in
Definition 3.10 is an equivalence relation.

2. Let (C, x0, λ) and (C ′, x′0, λ
′) be data of a monoidal transformation over a

framed space germ (B,Q) over k. Assume C = C ′. By σ : Σ → Spec(B)
we denote the blowing-up with center in the non-singular closed subscheme of
Spec(B) defined by the ideal generated by elements in C.

Let B1 be the B-subalgebra generated by elements y/x0, y ∈ C − {x0} in
the field of fractions of B, and m the maximal ideal in B1 generated by the
maximal ideal M(B) of B and elements (y/x0) − λ(y), y ∈ C − {x0}. Let
B′

1 be the B-subalgebra generated by elements y/x′0, y ∈ C − {x′0} in the field
of fractions of B, and m′ the maximal ideal in B′

1 generated by the maximal
ideal M(B) of B and elements (y/x′0) − λ′(y), y ∈ C − {x′0}.

Data (C, x0, λ) and (C, x′0, λ
′) are equivalent, if and only if, the closed point

Σ corresponding to the maximal ideal m and that corresponding to the maximal
ideal m′ are equal.

Definition 3.12. 1. Let ϕ : (B,Q) → (B′, Q′) be a morphism of framed space
germs. If, for every x ∈ Q, the image ϕ(x) ∈ k[[Q′]] has a normal crossing
with respect to Q′, then, we say that the morphism ϕ has a normal crossing.

2. Let (B′, Q′) be an IAMT of a framed space germ (B,Q). We say that (B′, Q′)
is an IAMT with a normal crossing of (B,Q), if the IMT (B,Q) → (B′, Q′)
has a normal crossing.

Lemma 3.13. 1. If a morphism ϕ : (B,Q) → (B′, Q′) has a normal crossing,
then, for any parameter system R of B containing Q and for every element
f ∈ B with a normal crossing with respect to R, ϕ(f) ∈ B′ has a normal
crossing with respect to the parameter system ϕ(R−Q) ∪Q′.

2. If two morphisms ϕ : (B,Q) → (B′, Q′) and ψ : (B′, Q′) → (B′′, Q′′)
of framed space germs have a normal crossing, then the composition ψϕ :
(B,Q) → (B′′, Q′′) also has a normal crossing.

3. The IMT associated with an IEMT has a normal crossing.

Proof. 1, 2. Easy.
3. By 2 we can consider only the case of an elementary monoidal transform.

Assume that y0, y1, . . . , yt is a subset of a parameter system R′ of some complete
regular local ring. Assume moreover that elements x0, x1, . . . , xt satisfy relations
y0 = x0 and yi = (xi/x0) − λi for 1 ≤ i ≤ t, where λi’s are elements in k.

Then, we have x0 = y0 and xi = y0(λi + yi) for 1 ≤ i ≤ t. One sees that every
xi has a normal crossing with respect to R′.

The case of an elementary monoidal transform follows from this observation.

We can explain our goal of this paper here.
Let (B,Q) be a framed space germ over k. Assume that a positive integer 3 and

non-zero 3 elements f1, f2, . . . , f� ∈ k[[Q]] are given.
We consider the first framed resolution game corresponding to f1, f2, . . . , f�. It is

a variation of the game in Introduction. It has two players 〈I〉 and 〈II〉, and they
repeat steps under the same rule. At each step, if the product f1f2 · · · f� ∈ k[[Q]]



SINGULARITIES WHICH CANNOT BE RESOLVED 17

has a normal crossing with respect to Q, and if the ideal in k[[Q]] generated by
any non-empty subset of {f1, f2, . . . , f�} is a principal ideal, then the player 〈I〉
wins and they terminate the game. Otherwise, 〈I〉 has two choices. In the first
choice, 〈I〉 chooses a subset C ⊂ Q with ! C ≥ 2. Then, the player 〈II〉 chooses
an element x0 ∈ C and a map λ : C − {x0} → k. Let (B′, Q′) be the elementary
monoidal transform of (B,Q) associated with the datum (C, x0, λ), and by f ′i for
1 ≤ i ≤ 3 we denote the image of fi by the monoidal transformation B → B′. After
replacing the pair ((B,Q), (f1, f2, . . . , f�)) by the pair ((B′, Q′), (f ′1, f

′
2, . . . , f

′
�)),

they proceed to the next step. In the second choice, 〈I〉 chooses a parameter
system Q1 of k[[Q]]. After replacing the pair ((B,Q), (f1, f2, . . . , f�)) by the pair
((B,Q1), (f1, f2, . . . , f�)), they proceed to the next step.

We consider the following statement RS(B,Q) for (B,Q):

RS(B,Q) : For any positive integer 3 and for any non-zero 3 elements f1, f2, . . . , f�
in k[[Q]], the player 〈I〉 can always win the above game.

Also we consider another statement RW (B,Q) for (B,Q):

RW(B,Q) : When 3 = 1, for any non-zero element f1 ∈ k[[Q]], the player 〈I〉 can
always win the above game.

Obviously RS(B,Q) implies RW (B,Q). Also the converse holds. The following
lemma can be shown easily:

Lemma 3.14 (Bierstone and Milman [3], p.25, Lemma 4.7). Let (B′, Q′) be a
framed space germ over k, and Q′ = {y0, y1, . . . , yn}. Let a, b, c ∈ k[[Q′]]∗, and
α0, α1, . . . , αn, β0, β1, . . . , βn, γ0, γ1, . . . , γn be non-negative integers. If

ayα0
0 y

α1
1 · · · yαn

n − byβ0
0 y

β1
1 · · · yβn

n = cyγ0
0 y

γ1
1 · · · yγn

n ,

then either αi ≤ βi for every 0 ≤ i ≤ n, or αi ≥ βi for every 0 ≤ i ≤ n.

Let f1, f2, . . . , f� ∈ k[[Q]] be finite elements as in RS(B,Q). We can assume that
any two of them are different. Let f = (

∏�
i=1 fi)

(∏
1≤i<j≤�(fi − fj)

)
∈ k[[Q]]. By

Lemma 2.5 and Lemma 3.14 one sees that RW (B,Q) implies RS(B,Q).

Corollary 3.15. Let (B,Q) be a framed space germ over k. Two statements for
(B,Q), RS(B,Q) and RW (B,Q) are equivalent.

Note that if !Q = dimB, then the first framed resolution game above with 3 = 1
is regarded as the resolution game in Introduction with additional procedures. It
follows from Lemma 3.11.2. Thus, if Q is a parameter system of B and if RW (B,Q)
is true, then any non-zero element of B can be resolved.

We hope to show that for any framed space germ (B,Q) the statement RW (B,Q)
is true.

Note that if !Q = dim k[[Q]] = 1, then every non-zero element in k[[Q]] has a
normal crossing with respect to Q.

Lemma 3.16. If the basic dimension !Q of a framed space germ (B,Q) is equal
to one, then RW (B,Q) is true.

We hope to apply induction on the basic dimension !Q to show the statement
RW (B,Q).
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4. framed resolution games

In subsequent sections we consider various framed resolution games similar to
the first framed resolution game after Lemma 3.13. They have the same principles.

When we start the game, a framed space germ (B,P ) over k and finite numbered
elements f1, f2, . . . , f� ∈ B called the data of the game are given. The data have to
satisfy certain conditions called the initial conditions of the game. It has two players
〈I〉 and 〈II〉, and they repeat steps under the same rule. At each step, if all of cer-
tain statements for (B,P, f1, f2, . . . , f�) called the winning rules are true, then the
player 〈I〉 wins and they terminate the game. Otherwise, 〈I〉 has two choices. In the
first choice, 〈I〉 chooses a subset C ⊂ Q with ! C ≥ 2. Then, the player 〈II〉 chooses
an element x0 ∈ C and a map λ : C − {x0} → k. Let (B′, P ′) be the elementary
monoidal transform of (B,P ) associated with the datum (C, x0, λ), and by f ′i for
1 ≤ i ≤ 3 we denote the image of fi by the monoidal transformation B → B′. After
replacing the pair ((B,P ), (f1, f2, . . . , f�)) by the pair ((B′, P ′), (f ′1, f

′
2, . . . , f

′
�)),

they proceed to the next step. In the second choice, 〈I〉 chooses a parameter
system P1 of k[[P ]]. After replacing the pair ((B,P ), (f1, f2, . . . , f�)) by the pair
((B,P1), (f1, f2, . . . , f�)), they proceed to the next step.

The game is characterized by the number 3 of the data, the initial conditions
and the winning rules.

Example 4.1. At the first framed resolution game, we have
• The number of the data: Any positive integer.
• The initial conditions: For every 1 ≤ i ≤ 3 fi �= 0 and fi ∈ k[[P ]].
• The winning rules:

1. The product f1f2 · · · f� ∈ k[[P ]] has a normal crossing with respect to P .
2. The ideal in k[[P ]] generated by any non-empty subset of {f1, f2, . . . , f�}

is a principal ideal.

Some are called a framed resolution game of restricted type, and they have slightly
different (but essentially same) principles. In the game of restricted type the player
〈I〉 cannot exchange the frame. Replacing the latter half of the above principle
of the framed resolution game after “Otherwise,” by the following sentences, we
obtain the principle of the framed resolution game of restricted type:

Otherwise, 〈I〉 chooses a subset C ⊂ P with ! C ≥ 2. The player 〈II〉 chooses
an element x0 ∈ C and a map λ : C − {x0} → k. Let (B′, P ′) be the elementary
monoidal transform of (B,P ) associated with the datum (C, x0, λ), and by f ′i for
1 ≤ i ≤ 3 we denote the image of fi by the monoidal transformation B → B′. After
replacing the pair ((B,P ), (f1, f2, . . . , f�)) by the pair ((B′, P ′), (f ′1, f

′
2, . . . , f

′
�)),

they proceed to the next step.
Also the game of restricted type is characterized by the number 3 of the data,

the initial conditions and the winning rules.

5. Weierstrass representation

The Weierstrass preparation theorem (Corollary 2.11) provides us a method for
induction on the basic dimension !Q.

Definition 5.1. Let (B,Q) be a framed space germ, and A = k[[Q]]. A triplet
(h, g, t) satisfying the following four conditions is called a Weierstrass representation
under (B,Q).
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1. h ∈ A, g ∈ A and t ∈ Q.
We write Q = {t, x1, x2, . . . , xn}, and Z = k[[Q − {t}]] below. Note that
A = k[[t, x1, x2, . . . , xn]] and Z = k[[x1, x2, . . . , xn]].

2. There exist non-negative integers s1, s2, . . . , sn with

h

xs11 x
s2
2 · · ·xsn

n
∈ A∗.

3. The pair (g, t) is a semi-Weierstrass pair of the ring A under the parameter
system Q. In other words, there are a non-negative integer m and m elements
G1, G2, . . . , Gm ∈ Z with

g = tm +
m∑
j=1

Gjt
m−j .

4. For every integer j with 1 ≤ j ≤ m

ord (Gj) ≥ j.

If (h, g, t) satisfies only conditions 1–3, then we call (h, g, t) a semi-Weierstrass
representation. The frame Q of the space germ B is called the upper frame of
(h, g, t), while the frame P = Q−{t} of the space germ B is called the lower frame
of (h, g, t). The framed space germ (B,Q) is called the upper framed space germ of
(h, g, t), and (B,P ) is called the lower framed space germ of (h, g, t).

We say also that (h, g, t) is a semi-Weierstrass representation over (B,P ), refer-
ring to the lower framed space germ (B,P ), not to the upper framed space germ
(B,Q). If (h, g, t) is one over (B,P ), then (B,P ) is the lower framed space germ
of (h, g, t), t �∈ P , and the union P ∪ {t} is a partial parameter system of B. If it
is one under (B,Q), then (B,Q) is the upper framed space germ of (h, g, t) and
t ∈ Q.

Let f ∈ A be a non-zero element. If a semi-Weierstrass representation (h, g, t)
satisfies f = hg, then we say that (h, g, t) is a semi-Weierstrass representation of
f .

If a semi-Weierstrass pair (g, t) of A under Q has a certain property X, then,
for simplicity, we say that the semi-Weierstrass representation (h, g, t) under (B,Q)
has a property X.

Lemma 5.2. Let (B,Q) be a framed space germ, and f ∈ k[[Q]] a non-zero ele-
ment.

1. There exists a coordinate transform (B,Q′) of (B,Q) such that there exists
a separable Weierstrass representation (h, g, t) of f under (B,Q′) satisfying
h ∈ k[[Q]]∗.

2. Any semi-Weierstrass representation (h, g, t) of f satisfies ord(f) = ord(g) +
ord(h), sord(h) = 0, sord(f) = sord(g), and nord(f) = nord(g) + nord(h).

3. Any Weierstrass representation (h, g, t) of f with h ∈ k[[Q]]∗ satisfies ord(f) =
ord(g) = deg(g, t), sord(f) = sord(g), and nord(f) = nord(g).

Proof. 1. Note that k[[Q′]] = k[[Q]] by definition of a coordinate transform. It
follows from Lemma 2.20.
2. See Definition 2.8 and Lemma 2.9 for definition of sord and nord.
3. It follows from 2 and Lemma 2.17.4.
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Lemma 5.3. Let (h, g, t) be a semi-Weierstrass representation over a framed space
germ (B,P ). Let ϕ : (B,P ) → (B′, P ′) be a morphism with a normal crossing from
the lower framed space germ. We write h′ = ϕ(h), g′ = ϕ(g), and t′ = ϕ(t).

1. Q′ = P ′ ∪ {t′} is a frame of B′.
2. Triplet (h′, g′, t′) is a semi-Weierstrass representation over (B′, P ′) and under

(B′, Q′).
3. w(g, t) ≤ w(g′, t′), ord(g) ≤ ord(g′), deg(g, t) = deg(g′, t′).
4. If (g, t) is separable, then also (g′, t′) is separable.
5. Assume moreover that (h, g, t) is a Weierstrass representation. Also (h′,
g′, t′) is a Weierstrass representation. ord(g) = ord(g′), nord(g) ≤ nord(g′),
sord(g) ≥ sord(g′).

Proof. 1. It follows from Lemma 3.6.
2. It is easy to check the first and the third condition in Definition 5.1. Since ϕ
preserves normal crossings, also the second condition is satisfied.
3. For every f ∈ k[[P ∪ {t}]] we have ord(f) ≤ ord(ϕ(f)).
4. Easy.
5. By Lemma 2.17.4 we have deg(g, t) = ord(g). By 3 and Lemma 2.17.2 we
have ord(g) ≤ ord(g′) ≤ deg(g′, t′) = deg(g, t) = ord(g). We have deg(g′, t′)
= ord(g′), and again by Lemma 2.17.4 one concludes that (h′, g′, t′) is a Weierstrass
representation. The equality ord(g) = ord(g′) follows from the above. Let D
be the field of fractions of k[[P ]], and D′ the field of fractions of k[[P ′]]. Let
g = gβ1

1 g
β2
2 · · · gβr

r be the irreducible decomposition of g in D[t]. We assume that
the coefficient of the term with the highest degree in gν ∈ D[t] is equal to 1 for every
1 ≤ ν ≤ r, and that for 1 ≤ ν ≤ s deg(gν , t) = 1 and for s < ν ≤ r deg(gν , t) > 1.
Since deg(g, t) = ord(g), by Lemma 2.18.3 we have deg(gν , t) = ord(gν) for every
1 ≤ ν ≤ r, and g = gβ1

1 g
β2
2 · · · gβr

r gives the irreducible decomposition in k[[P ∪{t}]].
Thus nord(g) =

∑s
ν=1 βν . On the other hand, we have a decomposition g′ =

ϕ(g1)β1ϕ(g2)β2 · · ·ϕ(gr)βr in D′[t′]. Since deg(g′, t′) = ord(g′), by Lemma 2.18.1
we have deg(ϕ(gν), t′) = ord(ϕ(gν)) for every 1 ≤ ν ≤ r. Thus ord(ϕ(gν)) =
deg(ϕ(gν), t′) = deg(gν , t) = 1 for 1 ≤ ν ≤ s. One concludes nord(g′) ≥

∑s
ν=1 βν =

nord(g).
The last equality follows from Lemma 2.9.2.

The semi-Weierstrass representation (h′, g′, t′) is called the pull-back of (h, g, t)
by ϕ. If (h, g, t) is a semi-Weierstrass (resp. Weierstrass) representation of f ∈
k[[P ∪ {t}]], then the pull-back (h′, g′, t′) is a semi-Weierstrass (resp. Weierstrass)
representation of ϕ(f) ∈ k[[P ′ ∪ {t′}]].

We denote the integral part of a real number r by [r] (The Gauss symbol), and
the part under the decimal point by 〈r〉.

[r] = max{i ∈ Z | i ≤ r},
〈r〉 = r − [r].

Definition 5.4. Let (h, g, t) be a semi-Weierstrass representation over a space
germ (B,P ). We write P = {x1, x2, . . . , xn}, Z = k[[P ]]. Let m = deg(g, t)
and G1, G2, . . . , Gm ∈ Z be the coefficient functions of (g, t).

g = tm +
m∑
j=1

Gjt
m−j .
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1. We say that a semi-Weierstrass pair (g, t) satisfies the Abhyankar condition,
if the following condition is satisfied: If w(g, t) < ∞, then there exist n
non-negative integers b1, b2, . . . , bn such that
(a)

Gj

(xb11 x
b2
2 · · ·xbn

n )j
∈ Z

for every 1 ≤ j ≤ m = deg(g, t) ≥ 1, and
(b)

min{1
j

ord(
Gj

(xb11 x
b2
2 · · ·xbn

n )j
) | 1 ≤ j ≤ m} < 1.

The non-negative integers b1, b2, . . . , bn above are called the characteristic
numbers of (g, t).

2. We say that (g, t) satisfies the strong Abhyankar condition, if the following
three conditions are simultaneously satisfied:
(c) Let J = {j ∈ Z | 1 ≤ j ≤ m,Gj �= 0}. For every j ∈ J there exist n

integers bj1, bj2, . . . , bjn with

Gj

x
bj1
1 x

bj2
2 · · ·xbjn

n

∈ Z∗.

(d) The subset

E = {e ∈ J |
G

m!/j
j

G
m!/e
e

∈ Z for every j ∈ J}

of J is not empty.
(e) There exists an element e ∈ E with

n∑
i=1

〈bei
e
〉 < 1.

Remark . The strong Abhyankar condition is due to Abhyankar. (Abhyankar [2],
p.285–p.299, Appendix.)

Note that if (g, t) satisfies the strong Abhyankar condition, then w(g, t) < ∞,
while any (g, t) with w(g, t) = ∞ satisfies the Abhyankar condition by definition.

Lemma 5.5. We consider conditions in Definition 5.4.
1. If (g, t) satisfies the Abhyankar condition, and w(g, t) < ∞, then charac-

teristic numbers b1, b2, . . . , bn are uniquely defined depending on (g, t). In
other words, n numbered non-negative integers b1, b2, . . . , bn satisfying (b)
are unique, if they exist.

2. If (g, t) satisfies the Abhyankar condition, w(g, t) <∞, and (g, t) is a Weier-
strass pair, then at least one of characteristic numbers b1, b2, . . . , bn is not
zero.

3. Non-negative integers bji, j ∈ J , 1 ≤ i ≤ n in (c) are uniquely determined
depending on (g, t), if they exist. Therefore, if (c) is satisfied, then (e) has
definite meaning.

4. If (c) and (d) are satisfied, then for a fixed number i with 1 ≤ i ≤ n, the
rational number

bei
e
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does not depend on the choice of an element e ∈ E. Therefore, the inequality
in (e) holds for every element e ∈ E.

Proposition 5.6. Let (g, t) be a semi-Weierstrass pair of a ring k[[x]] over a par-
tial parameter space P . If (g, t) satisfies the strong Abhyankar condition, then (g, t)
satisfies the Abhyankar condition. In other words, the strong Abhyankar condition
implies the Abhyankar condition.

Theorem 5.7 (Abhyankar [2], p.285–p.299, Appendix.). Let (B,P ) be a framed
space germ over k.

1. We consider the second framed resolution game characterized by the condi-
tions below:
• The number of the data: ! P + 3.
• The initial conditions: Let (h, g, t, ξ1, ξ2, . . . , ξn) denote the data.

(a) (h, g, t) is a Weierstrass representation over (B,P ) with w(g, t) <∞.
(b) P = {ξ1, ξ2, . . . , ξn}.

• The winning rules:
(a) The triplet (h, g, t) is a Weierstrass representation over (B,P ) sat-

isfying conditions (c) and (d) in Definition 5.4
(b) The product ξ1ξ2 · · · ξn has a normal crossing with respect to P .

Assume that RW (B,P ) is true. Then, the player 〈I〉 can always win this
game.

2. We consider the third framed resolution game. The third game is of restricted
type and is characterized by the conditions below:
• The number of the data: 3.
• The initial conditions: The data (h, g, t) is a Weierstrass representation

over (B,P ) satisfying (c) and (d) in Definition 5.4.
• The winning rules: The triplet (h, g, t) is a Weierstrass representation

over (B,P ) satisfying the strong Abhyankar condition.
The player 〈I〉 can always win this game.

Proof. Let m = deg(g, t), G1, G2, . . . , Gm ∈ k[[P ]] be the coefficient functions of
(g, t), and J = {j ∈ Z | 1 ≤ j ≤ m,Gj �= 0}. Since w(g, t) <∞, we have J �= ∅.
1. Note that at the beginning of each step of the game, the triplet (h, g, t) is
a Weierstrass representation over (B,P ), if the product ξ1ξ2 · · · ξn has a normal
crossing with respect to P . Since RW (B,P ) is true, also RS(B,P ) is true by
Corollary 3.15. Consider finite elements Gm!/j

j , j ∈ J and x1, x2, . . . , xn. Claim 1
follows from RS(B,P ).
2. It follows from Lemma 5.8 below.

Lemma 5.8 (Abhyankar [2], p.290, Reduction Lemma). Let (B,P ) be a framed
space germ over k. We consider the fourth framed resolution game. The fourth
game is of restricted type and is characterized by the conditions below: A given
positive integer is denoted by e.

• The number of the data: 1.
• The initial conditions: The data G is a non-zero elements in k[[P ]] with a

normal crossing with respect to P = {y1, y2, . . . , yn}.
• The winning rules: The non-negative integers b1, b2, . . . , bn defined by the

condition
G

yb11 y
b2
2 · · · ybn

n

∈ k[[P ]]∗
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satisfy

n∑
i=1

〈bi
e
〉 < 1.

The player 〈I〉 can always win this game.

Remark . Note that the above game is of restricted type. Thus the framed space
germ (B′, P ′) obtained after several steps of the game is an IEMT of the originally
given (B,P ), and the induced homomorphism (B,P ) → (B′, P ′) has a normal
crossing (Lemma 3.13.3).

Assume, moreover, that for given a finite number of elements G1, G2, . . . , G� ∈
k[[P ]] and positive integers α, α1, α2, . . . , αm the product GG1G2 · · ·G� has a nor-
mal crossing with respect to P and the ideal in k[[P ]] generated byGα, Gα1

1 , G
α2
2 , . . . ,

Gα�

� is a principal ideal generated by Gα.
Let G′

i ∈ k[[P ′]] we denote the image of Gi ∈ k[[P ]] by k[[P ]] → k[[P ′]]. Then,
the product G′G′

1G
′
2 · · ·G′

� has a normal crossing with respect to P ′ and the ideal
in k[[P ′]] generated by (G′)α, (G′

1)
α1 , (G′

2)
α2 , . . . , (G′

m)αm is a principal ideal gen-
erated by (G′)α.

We can check that Abhyankar’s proof is valid under our formulation with framed
resolution games.

Corollary 5.9. Consider the same situation as in Theorem 5.7. We assume that
RW (B,P ) is true.

We consider the fifth framed resolution game characterized by the conditions
below:

• The number of the data: ! P + 3.
• The initial conditions: Let (h, g, t, ξ1, ξ2, . . . , ξn) denote the data.

1. (h, g, t) is a Weierstrass representation over (B,P ) with w(g, t) <∞.
2. P = {ξ1, ξ2, . . . , ξn}.

• The winning rules:
1. The triplet (h, g, t) is a Weierstrass representation over (B,P ) satisfying

the strong Abhyankar condition.
2. The product ξ1ξ2 · · · ξn has a normal crossing with respect to P .

The player 〈I〉 can always win this game.

We introduce another condition “reductive” for semi-Weierstrass pairs, which is
essential in the theory of positive characteristic.

Lemma 5.10. Let (h, g, t) be a semi-Weierstrass representation over a framed
space germ (B,P ), m = deg(g, t), and G1, G2, . . . , Gm ∈ k[[P ]] the coefficient
functions of the semi-Weierstrass pair (g, t).

1. For every element H ∈ k[[P ]] the triplet (h, g, t+H) (resp. the pair (g, t+H))
is also a semi-Weierstrass representation over the framed space germ (B,P )
(resp. a semi-Weierstrass pair of k[[P ∪ {t}]] over P ). deg(g, t) = deg(g, t+
H).



24 TOHSUKE URABE

2. Let H ∈ k[[P ]], and G′
1, G

′
2, . . . , G

′
m ∈ k[[P ]] be the coefficient functions of

the semi-Weierstrass pair (g, t+H). Let G0 = G′
0 = 1. We have

G′
j =

j∑
i=0

(
m− i
m− j

)
(−H)j−iGi,

Gj =
j∑

i=0

(
m− i
m− j

)
Hj−iG′

i,

for every 1 ≤ j ≤ m.

Definition 5.11. Let (B,P ) be a framed space germ over k.
1. Let t ∈ B be an element such that t /∈ P and P ∪ {t} is a partial parameter

system of B. The coordinate transform (B,P ∪ {t + H}) of (B,P ∪ {t})
defined for any element H ∈ k[[P ]] is called the parallel coordinate transform
of (B,P ∪ {t}) along H.

2. Let (h, g, t) be a semi-Weierstrass representation over (B,P ), and H ∈ k[[P ]].
The semi-Weierstrass representation (h, g, t+H) (resp. the semi-Weierstrass
pair (g, t + H)) is called the parallel coordinate transform of (h, g, t) (resp.
(g, t)) along H.

3. An element H ∈ k[[P ]] with w(g, t) < w(g, t+H) is called a reducing element
of (h, g, t) or of (g, t).

4. If (h, g, t) or (g, t) has a reducing element H ∈ k[[P ]], then we say that (h, g, t)
or (g, t) is reductive.

Lemma 5.12. Let n be a positive integer and A a ring isomorphic to the formal
power series ring over k with n+1 variables. Let P = {x1, x2, . . . , xn} be a partial
parameter system of A with ! P = n, and (g, t) a semi-Weierstrass pair of A over
P . Let m = deg(g, t) and G1, G2, . . . , Gm ∈ k[[P ]] the coefficient functions of
(g, t).

1. If (g, t) is separable, then also (g, t+H) is separable for any H ∈ k[[P ]].
2. For any reducing element H ∈ k[[P ]] of (g, t), we have ord(H) = w(g, t) <∞.
3. For an element H ∈ k[[P ]] the following two conditions are equivalent:

(a) H is a reducing element of (g, t).
(b) m ≥ 1, H �= 0 and in(g, t) = (t+ in(H))m.

4. The following four conditions are equivalent:
(a) Pair (g, t) is reductive.
(b) Pair (g, t) is reductive, w(g, t) <∞ and m ≥ 1.
(c) m ≥ 1, and there exists an element H0 ∈ k[[P ]] such that H0 �= 0 and

in(g, t) = (t+H0)m.
(d) There exists a unique element H0 ∈ k[[P ]] satisfying in(g, t) = (t+H0)m,

and H0 is a non-zero homogeneous polynomial.
5. One and only one of following two claims holds:

(a) Pair (g, t) is not reductive.
(b) Pair (g, t) is reductive, and there exists an element H ∈ k[[P ]] such that

(g, t+H) is not reductive.
Below we assume that (g, t) is reductive. Let m = lq be the p-decomposition of m.
(See the latter half of Introduction for the definition.)

6. Weight w(g, t) is an integer.
7. For an element H ∈ k[[P ]] the following two conditions are equivalent:
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(a) H is a reducing element of (g, t).
(b) H �= 0 and in(Gq) = l in(H)q.

Proof. Note Lemma 5.10.2 and Lemma 2.2. For every integer j with 1 ≤ j ≤ m and

j �≡ 0 mod q we have
(
m

j

)
= 0. For an integer j with 1 ≤ j ≤ m and j ≡ 0 mod q

we have
(
m

j

)
=

(
lq

iq

)
=

(
l

i

)
, where i = j/q. In particular,

(
m

q

)
=

(
l

1

)
= l �= 0.

By Lemma 2.1, we obtain implication 3.(b)⇒(a).

We here extend the Abhyankar condition for m-tuples of functions.

Definition 5.13. Let (B,P ) be a framed space germ over k, m a non-negative
integer, and G1, G2, . . . , Gm ∈ Z = k[[P ]] m numbered elements. We write P =
{x1, x2, . . . , xn}.

1. If m = 0, we define w() = ∞. If m > 0, we define w(G1, G2, . . . , Gm) =
min{ord(Gj)/j | 1 ≤ j ≤ m}. We call w(G1, G2, . . . , Gm) ∈ Q ∪ {∞} the
weight of (G1, G2, . . . , Gm).

2. We say that a m-tuple (G1, G2, . . . , Gm) satisfies the Abhyankar condition,
if the following condition is satisfied: If w(G1, G2, . . . , Gm) < ∞, then there
exist n non-negative integers b1, b2, . . . , bn such that
(a)

Gj

(xb11 x
b2
2 · · ·xbn

n )j
∈ Z

for every 1 ≤ j ≤ m, and
(b)

min{1
j

ord(
Gj

(xb11 x
b2
2 · · ·xbn

n )j
) | 1 ≤ j ≤ m} < 1.

The non-negative integers b1, b2, . . . , bn above are called the characteristic
numbers of (G1, G2, . . . , Gm).

Lemma 5.14. 1. If (G1, G2, . . . , Gm) satisfies the Abhyankar condition, then
characteristic numbers b1, b2, . . . , bn are uniquely defined depending on (G1,
G2, . . . , Gm).

2. Let t ∈ B be an element such that t �∈ P and P ∪ {t} is a partial parameter
system of B. Let g = tm +

∑m
j=1Gjt

m−j.
(a) w(G1, G2, . . . , Gm) = w(g, t).
(b) The m-tuple (G1, G2, . . . , Gm) satisfies the Abhyankar condition, if and

only if, the semi-Weierstrass pair (g, t) satisfies the Abhyankar condition.
(c) If the equivalent conditions in (b) are satisfied, then the characteristic

numbers of (G1, G2, . . . , Gm) and the characteristic numbers of (g, t) co-
incide.

3. Let v ∈ Z∗.
(a) w(G1, G2, . . . , Gm) = w(vG1, v

2G2, . . . , v
mGm).

(b) An m-tuple (G1, G2, . . . , Gm) satisfies the Abhyankar condition, if and
only if, (vG1, v

2G2, . . . , v
mGm) satisfies the Abhyankar condition.

(c) If the equivalent conditions in (b) are satisfied, then the characteristic
numbers of (G1, G2, . . . , Gm) and the characteristic numbers of (vG1,
v2G2, . . . , v

mGm) coincide.
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Proof. 1. See Lemma 5.5.1.
2. See Definition 5.4.1.

Lemma 5.15. Let (B,P ) be a framed space germ over k, and (h, g, t) a Weier-
strass representation over (B,P ). Assume that (h, g, t) satisfies the Abhyankar
condition, w(g, t) <∞, and (h, g, t) is reductive. We denote P = {x1, x2, . . . , xn},
Z = k[[P ]] = k[[x1, x2, . . . , xn]], m = deg(g, t). Let G1, G2, . . . , Gm ∈ Z be the
coefficient functions of (g, t), and b1, b2, . . . , bn the characteristic numbers of (g, t).
Note that m ≥ 1 by assumption. Let m = lq be the p-decomposition of m.

The following claims 1–9 hold:
1. w(g, t) =

∑n
i=1 bi.

2. At least one of the characteristic numbers b1, b2, . . . , bn is not zero.
3. There exists a unique element uj satisfying

Gj = uj(xb11 x
b2
2 · · ·xbn

n )j , uj ∈ Z
for every 1 ≤ j ≤ m.

4. There exists a unique element a ∈ k satisfying

in(g, t) = (t+ axb11 x
b2
2 · · ·xbn

n )m, a �= 0.

5. uj(0) =
(
m

j

)
aj for every 1 ≤ j ≤ m, where we denote uj(0) = uj mod

M(Z) ∈ Z/M(Z) ∼= k. Besides, uq ∈ Z∗, and um ∈ Z∗.
6. The following three conditions are equivalent for H ∈ Z:

(a) H is a reducing element of (g, t). In other words, w(g, t) < w(g, t+H).
(b) in(Gq) = l in(H)q.
(c) in(H) = axb11 x

b2
2 · · ·xbn

n .
7. There exists a reducing element H ∈ Z of (g, t) satisfying

H

xb11 x
b2
2 · · ·xbn

n

∈ Z∗.

8. Let H ∈ Z be a reducing element of (g, t) satisfying the condition in 7. Then,
there exist m numbered elements F1, F2, . . . , Fm ∈M(Z) satisfying

g = (t+H)m +
m∑
i=1

(xb11 x
b2
2 · · ·xbn

n )jFj(t+H)m−j .

9. Assume that non-negative integers c1, c2, . . . , cn and elements F ′
1, F

′
2, . . . , F

′
m

∈M(Z) satisfy
Gj = (xc11 x

c2
2 · · ·xcn

n )jF ′
j

for every 1 ≤ j ≤ m. Then, (F ′
1, F

′
2, . . . , F

′
m) satisfies the Abhyankar con-

dition. Let d1, d2, . . . , dn be the characteristic numbers of (F ′
1, F

′
2, . . . , F

′
m).

The following three claims hold:
(a) bi = ci + di for every 1 ≤ i ≤ n.
(b) w(F ′

1, F
′
2, . . . , F

′
m) =

∑n
i=1 di.

(c) At least one of d1, d2, . . . , dn is not zero.

Proof. 1. By Lemma 5.12.6 w(g, t) is an integer. By the Abhyankar condition for
(g, t) we have

0 ≤ w(g, t) −
n∑

i=1

bi = min{1
j

ord(
Gj

(xb11 x
b2
2 · · ·xbn

n )j
)} < 1.
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2. It follows from 1 and Lemma 2.17.4.
3. It follows from that (G1, G2, . . . , Gm) satisfies the Abhyankar condition.
4 and 5. By 1 min{ord(uj)/j | 1 ≤ j ≤ m} = min{ord(Gj/(xb11 x

b2
2 · · ·xbn

n )j)/j | 1 ≤
j ≤ m} = 0. Thus we have in(g, t) = tm+

∑m
i=1 uj(0)(xb11 x

b2
2 · · ·xbn

n )jtm−j . On the
other hand, by Lemma 5.12.4 there is a unique element K ∈ Z with in(g, t) = (t+

K)m, and K �= 0. Thus uj(0)(xb11 x
b2
2 · · ·xbn

n )j =
(
m

j

)
Kj for every 1 ≤ j ≤ m. By

Lemma 2.2
(
m

q

)
=

(
l

1

)
= l �= 0. Thus we have uq(0)(xb11 x

b2
2 · · ·xbn

n )q = l Kq �= 0.

Let a ∈ k be an element satisfying uq(0) = laq. We have a �= 0, since uq(0) �= 0. We
have K = axb11 x

b2
2 · · ·xbn

n , since l(K−axb11 xb22 · · ·xbn
n )q = lKq−l(axb11 xb22 · · ·xbn

n )q =
0. The uniqueness of a follows from the uniqueness of K. Also we obtain the former
half of 5. The latter half of 5 is easy.
6. It follows from Lemma 5.12.7 and above 4.
7. By 6 one knows that H = axb11 x

b2
2 · · ·xbn

n satisfies the condition.
8. Assume that H ∈ Z, h = H/(xb11 x

b2
2 · · ·xbn

n ) ∈ Z∗ and w(g, t) < w(g, t + H).
We have h(0)xb11 x

b2
2 · · ·xbn

n = in(H) = axb11 x
b2
2 · · ·xbn

n by 6. Thus h(0) = a.
Now, we can write

g = tm +
m∑
j=1

uj(xb11 x
b2
2 · · ·xbn

n )jtm−j = (t+H)m +
m∑
j=1

Φj(t+H)m−j

with Φ1,Φ2, . . . ,Φm ∈ Z. Let u0 = 1. By Lemma 5.10.2 we have

Φj =
j∑

i=0

(
m− i
m− j

)
(−H)j−iui(xb11 x

b2
2 · · ·xbn

n )i

= (xb11 x
b2
2 · · ·xbn

n )j
j∑

i=0

(
m− i
m− j

)
(−h)j−iui

for every 1 ≤ j ≤ m. Putting Fj =
∑j

i=0

(
m− i
m− j

)
(−h)j−iui ∈ Z, we have

Φj = (xb11 x
b2
2 · · ·xbn

n )jFj for 1 ≤ j ≤ m. For the constant term Fj(0) of Fj we have

Fj(0) =
j∑

i=0

(
m− i
m− j

)
(−h(0))j−iui(0) =

j∑
i=0

(
m− i
m− j

)
(−a)j−i

(
m

i

)
ai

= aj
j∑

i=0

(
m− i
j − i

)(
m

i

)
(−1)j−i = aj

j∑
i=0

(
j

i

)(
m

j

)
(−1)j−i

= aj
(
m

j

)
{1 + (−1)}j = 0.

We used 5 and Lemma 2.1. Thus Fj ∈M(Z).
9. Easy.

Definition 5.16. Let (h, g, t) be a reductive Weierstrass representation over (B,
{x1.x2, . . . , xn}) satisfying the Abhyankar condition. Let b1, b2, . . . , nn be charac-
teristic numbers of (g, t). A reducing element H ∈ Z of (g, t) satisfying
H/(xb11 x

b2
2 · · ·xbn

n ) ∈ Z∗ is called an effective reducing element of (g, t).
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6. The first reduction

Following Abhyankar’s ideas in [2], p.285–p.299, Appendix, in this section we add
our concept “reductive” to his ideas. We will show that the Abhyankar condition
plus the condition “not reductive” implies that the singularity can be resolved even
in characteristic positive.

Theorem 6.1 (Abhyankar [2], p.292–p.293, Good Point Lemma.). Let (B,Q) be
a framed space germ, f ∈ k[[Q]] a non-zero element, and (h, g, t) a Weierstrass
representation of f under (B,Q).

We write Q − {t} = P = {x1, x2, . . . , xn}, and Z = k[[P ]]. Let m = deg(g, t),
and G1, G2, . . . , Gm ∈ Z be the coefficient functions of (g, t).

Assume that for every integer j with 1 ≤ j ≤ m Gj/x
j
1 ∈ Z. Let (B′, Q′) be the

elementary monoidal transform of (B,Q) associated with the datum ({t, x1}, x1, λ),
where λ is a map λ : {t} → k. We denote λ(t) ∈ k again by λ for simplicity. We
identify elements in B and their images in B′ by the elementary transformation,
and denote them by the same symbol.

1. Q′ = {(t/x1) − λ} ∪ P .
2. The set P is also a frame of B′.
3. Let

t′ =
t

x1
− λ, g′ =

g

xm1
, h′ = hxm1 .

The triplet (h′, g′, t′) is a semi-Weierstrass representation of f over (B′, P ′).
deg(g′, t′) = deg(g, t).

4. ord(g′) ≤ ord(g). Besides, ord(g′) = ord(g) if and only if (h′, g′, t′) is a
Weierstrass representation of f .

5. If (h, g, t) is not reductive and if ord(g′) = ord(g) > 0, then λ = 0 and
(h′, g′, t′) is not reductive, either.

6. If λ = 0 and if (h, g, t) satisfies the Abhyankar condition, then also (h′, g′, t′)
satisfies the Abhyankar condition.

7. If λ = 0 and if w(g, t) < ∞, then w(g′, t′) = w(g, t) − 1. If λ = 0 and if
w(g, t) = ∞, then w(g′, t′) = ∞.

8. sord(g′) ≤ sord(g).

Remark . Claim 5 does not appear in Abhyankar [2].

Proof. We have k[[Q′]] = k[[t′, x1, x2, . . . , xn]] ⊃ k[[Q]] = k[[t, x1, x2, . . . , xn]] ⊃
Z = k[[x1, x2, . . . , xn]].
3. Obviously f = h′g′. Since g = tm +

∑m
j=1Gjt

m−j and t = (t′ + λ)x1, we have

g′ =
g

xm1
= (t′ + λ)m +

m∑
j=1

Gj

xj1
(t′ + λ)m−j .

By assumption one knows g′ ∈ k[[Q′]].
Since (h, g, t) is a Weierstrass representation, we have non-negative integers

s1, s2, . . . , sn with
h′

xs1+m
1 xs22 · · ·xsn

n

=
h

xs11 x
s2
2 · · ·xsn

n
∈ k[[Q]]∗ ⊂ k[[Q′]]∗.

Let

G′
j =

(
m

m− j

)
λm +

j∑
i=1

(
m− i
m− j

)
λj−iGi

xi1
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for 1 ≤ j ≤ m. By assumption one has G′
j ∈ Z for 1 ≤ j ≤ m. One can check

g′ = (t′)m +
∑m

i=1G
′
j(t

′)m−j .
4. By 3 and by Lemma 2.17.2 ord(g′) ≤ deg(g′, t′) = m = ord(g).
5. Since m = ord(g′) = ord(g) > 0, for every 1 ≤ j ≤ m we have ord(G′

j) ≥ j, and
G′

j ∈M(Z).
On the other hand, we have

Gj

xj1
=

(
m

m− j

)
(−λ)j +

j∑
i=1

(
m− i
m− j

)
(−λ)j−iG′

i.

Thus, for every 1 ≤ j ≤ m there is an element Rj ∈M(Z) with

Gj =
(
m

m− j

)
(−λ)jxj1 + xj1Rj .

Assume λ �= 0. We have in(g, t) = (t − λx1)m. By Lemma 5.12.4 (g, t) is
reductive, which contradicts the assumption.

Assume λ = 0. For every 1 ≤ j ≤ m we have

G′
j =

Gj

xj1
.(*)

Let ϕ(t) = in(g, t). By (*) one has ϕ(x1t
′) = xm1 in(g′, t′).

Assume that (h′, g′, t′) is reductive. By Lemma 5.12.4 there is an element H ∈ Z
with H �= 0 and in(g′, t′) = (t′ + H)m. We have in(g, t) = (t + x1H)m. Since
0 �= x1H ∈ Z, we conclude (h, g, t) is reductive, which contradicts the assumption.
8. We can consider the order ordw : k[[Q]] → Z0 ∪ {∞} associated with the weight
w = (1, 1, 0, 0, . . . , 0) and the parameter system Q = {x0 = t, x1, x2, . . . , xn} of
k[[Q]]. Since Gj/x

j
1 ∈ Z for 1 ≤ j ≤ m, we have ordw(g) = deg(g, t) = m.

Let δ = nord(g). By Lemma 2.18.3 we can write

g =

(
δ∏

ν=1

(t−Hν)

)
gs, gs = tm−δ +

m−δ∑
j=1

Ljt
m−δ−j

with some elementsH1, H2, . . . , Hδ, L1, L2, . . . , Lm−δ ∈ Z. We have
∑δ

ν=1 ordw(t−
Hν) + ordw(gs) = ordw(g) = deg(g, t) =

∑δ
ν=1 deg(t − Hν , t) + deg(gs, t). Since

ordw(t − Hν) ≤ deg(t − Hν , t) and ordw(gs) ≤ deg(gs, t) by definition, we know
ordw(t−Hν) = deg(t−Hν , t) = 1 for 1 ≤ ν ≤ δ and ordw(gs) = deg(gs, t) = m−δ.
The last claim is equivalent to the following two conditions hold:

1. H ′
ν = Hν/x1 ∈ Z for every 1 ≤ ν ≤ δ.

2. L′
j = Lj/x

j
1 ∈ Z for every 1 ≤ j ≤ m− δ.

Thus we can write

g =

(
δ∏

ν=1

(t+ x1H
′
ν)

)
gs, gs = tm−δ +

m−δ∑
j=1

xj1L
′
jt

m−δ−j .

Substituting t = (t′ + λ)x1, we obtain

g′ =

(
δ∏

ν=1

(t′ + λ+H ′
ν)

)
g′s, g′s = (t′ + λ)m−δ +

m−δ∑
j=1

L′
j(t

′ + λ)m−δ−j .

Since ord(t′ + λ+H ′
ν) = 0 or 1 for every 1 ≤ ν ≤ δ, we have sord(g′) = sord(g′s) ≤

ord(g′s) ≤ m− δ = ord(g) − nord(g) = sord(g).
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Theorem 6.2. Let (B,Q) be a framed space germ, f ∈ k[[Q]] a non-zero element,
and (h, g, t) a Weierstrass representation of f under (B,Q).

Assume that f does not have a normal crossing, (h, g, t) satisfies the Abhyankar
condition, and (h, g, t) is not reductive. Write Q = {t, x1, x2, . . . , xn}.

1. ord(g) ≥ 1 and w(g, t) <∞.
2. Let b1, b2, . . . , bn denote the characteristic numbers of (g, t). There is a num-

ber i satisfying 1 ≤ i ≤ n and bi > 0.
3. Let i be a number satisfying conditions in 2. Let C = {t, xi}. For any choice

of an element x ∈ C and a map λ : C − {x} → k there exists a datum
(C, x′, λ′) of a monoidal transformation over (B,Q) such that (C, x′, λ′) and
(C, x, λ) are equivalent and for the elementary monoidal transform (B′, Q′) of
(B,Q) associated with the datum (C, x′, λ′) there exist elements h′ ∈ k[[Q′]],
g′ ∈ k[[Q′]] t′ ∈ Q′ such that one of the following four conditions holds: By
f ′ ∈ k[[Q′]] we denote the image of f ∈ k[[Q]] by the monoidal transformation
k[[Q]] → k[[Q′]].
〈α〉 The element f ′ has a normal crossing.
〈β〉 sord(f ′) < sord(f).
〈γ〉 sord(f ′) = sord(f), nord(g′) < nord(g) and (h′, g′, t′) is a Weierstrass

representation of f ′ under (B′, Q′).
〈δ〉 sord(f ′) = sord(f), nord(g′) = nord(g) and (h′, g′, t′) is a Weierstrass

representation of f ′ under (B′, Q′). Besides, (h′, g′, t′) satisfies the Ab-
hyankar condition, (h′, g′, t′) is not reductive and 1 ≤ w(g′, t′) = w(g, t)−
1.

Remark . By assumption and by Lemma 5.2.2 sord(f) = sord(g). If (h′, g′, t′) is
a semi-Weierstrass representation of f ′, then sord(f ′) = sord(g′) by Lemma 5.2.2.
Therefore, in condition 〈γ〉 and 〈δ〉, the condition sord(f ′) = sord(f) is equivalent
to sord(g′) = sord(g).

Proof. We write Z = k[[x1, x2, . . . , xn]], and m = deg(g, t) = ord(g). Let G1, G2,
. . . , Gm ∈ Z be the coefficient functions of (g, t).
1. If w(g, t) = ∞, then f has a normal crossing. We have m ≥ 1 and w(g, t) <∞.
2. By Lemma 5.5.2.
3. By Definition 5.4.1 Gj/x

j
i ∈ Z for every 1 ≤ j ≤ m.

Exchanging the numbering of xi’s, we can assume that Gj/x
j
1 ∈ Z for every

1 ≤ j ≤ m. The assumption in Theorem 6.1 is satisfied. We put C = {t, x1}. Let
x ∈ C, and let λ : C − {x} → k be a map. Let x′ ∈ C denote an element with
C = {x, x′}. We denote λ(x′) ∈ k by the same symbol λ.

Case x = x1. The assumption 〈B〉 in Theorem 6.1 is satisfied in this case, and
we can apply Theorem 6.1. Let (B′, Q′) be the elementary monoidal transform of
(B,Q) associated with the datum ({t, x1}, x1, λ). Let Q′

1 = Q′. Let t′, g′, and h′ be
the elements in Theorem 6.1.3. By Theorem 6.1.3 (h′, g′, t′) is a semi-Weierstrass
representation of f ′ over (B′, Q′) = (B′, Q′

1). We have sord(f ′) = sord(g′).
First, we show that in the case ord(g′) = ord(g) one of 〈α〉, 〈β〉, 〈δ〉 holds.
By Theorem 6.1.4 (h′, g′, t′) is a Weierstrass representation of f ′. By Theo-

rem 6.1.5 and by the assumption we have λ = 0. By Theorem 6.1.5, 6, 7, (h′, g′, t′)
satisfies the Abhyankar condition, (h′, g′, t′) is not reductive, and w(g′, t′) = w(g, t)−
1. By Lemma 2.17.4 we have w(g′, t′) ≥ 1.
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Assume that 〈α〉 and 〈β〉 do not hold. Since 〈β〉 does not hold, we have
sord(f ′) ≥ sord(f), which is equivalent to sord(g′) ≥ sord(g). On the other hand,
by Theorem 6.1.8, we have sord(g′) ≤ sord(g). Thus sord(g′) = sord(g), which
is equivalent to sord(f ′) = sord(f). By assumption and Lemma 2.9.2 we obtain
nord(g′) = nord(g).

Second, we show that if ord(g′) �= ord(g), then one of 〈α〉, 〈β〉, 〈γ〉 holds. By
Theorem 6.1.4 we have ord(g′) < ord(g)

Assume that 〈α〉 and 〈β〉 do not hold. By the same argument as above, we obtain
sord(f ′) = sord(g′) = sord(f) = sord(g) by Theorem 6.1.8. Since ord(g′) < ord(g),
we have nord(g′) = ord(g′) − sord(g′) < ord(g) − sord(g) = nord(g).

Below, we will show that there are elements h′1, g
′
1 ∈ k[[Q′]] such that the triplet

(h′1, g
′
1, t

′) is a Weierstrass representation of f ′ under (B′, P ′) and nord(g′1) ≤
nord(g′). The triplet (h′1, g

′
1, t

′) satisfies 〈γ〉.
Let δ = nord(g). By the proof of Theorem 6.1.8 we know that there are elements

H ′′
1 , H

′′
2 , . . . , H

′′
δ , L

′′
1 , L

′′
2 , . . . , L

′′
m−δ ∈ Z satisfying

g′ =

(
δ∏

ν=1

(t′ +H ′′
ν )

)
g′s, g′s = (t′)m−δ +

m−δ∑
j=1

L′′
j (t′)m−δ−j .

We have sord(g′) ≤ sord(g′s) ≤ ord(g′s) ≤ m − δ = sord(g). Since sord(g′) =
sord(g) under our assumption, we have sord(g′s) = ord(g′s) = m − δ = deg(g′s, t

′).
In particular, (g′s, t

′) is a Weierstrass pair.
Let

∆ = {ν ∈ Z | 1 ≤ ν ≤ δ,H ′′
ν �∈M(Z)}

Γ = {ν ∈ Z | 1 ≤ ν ≤ δ,H ′′
ν ∈M(Z)}

h′1 = h′
( ∏

ν∈∆

(t′ +H ′′
ν )

)
, g′1 =

(∏
ν∈Γ

(t′ +H ′′
ν )

)
g′s.

One can check that (h′1, g
′
1, t

′) is a Weierstrass representation of f ′ under (B′, P ′).
We have nord(g′) = nord(g′1) +

∑
ν∈∆ nord(t′ +H ′′

ν ) = nord(g′1).

Case x = t. Let (B′, Q′) be the elementary monoidal transform of (B,Q) associ-
ated with the datum ({t, x1}, t, λ). We identify elements in B and their images in
B′ by the monoidal transformation.

We consider the case λ = 0 first. Let t′ = t, x′1 = x1/t and x′i = xi for 2 ≤ i ≤ n.
We have Q′ = {t′, x′1, x′2, . . . , x′n}, and k[[Q′]] = k[[t′, x′1, x

′
2, . . . , x

′
n]] ⊃ k[[Q]] =

k[[t, x1, x2, . . . , xn]] ⊃ Z.

g = tm +
m∑
j=1

Gj

xj1
· xj1tm−j = (t′)m


1 +

m∑
j=1

Gj

xj1
(x′1)

j




Thus g/(t′)m ∈ k[[Q′]]∗. On the other hand,

h

xs11 x
s2
2 · · ·xsn

n
=

h

(t′)s1(x′1)s1(x
′
2)s2 · · · (x′n)sn

∈ k[[Q]]∗ ⊂ k[[Q′]]∗,

where s1, s2, . . . , sn are non-negative integers in Definition 5.1.2. Thus f ′ = f = hg
has a normal crossing in k[[Q′]]. The condition 〈α〉 holds in this case.

Assume that λ �= 0. Let (B′
1, Q

′
1) be the elementary monoidal transform of (B,Q)

associated with the datum ({t, x1}, x1, 1/λ). Data ({t, x1}, t, λ) and ({t, x1}, x1, 1/λ)
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are equivalent. We have treated (B′
1, Q

′
1) in the above case x = x1. We obtain the

claim by the above case.

Let (B,P ) be a framed space germ over k, and (h, g, t) a Weierstrass represen-
tation over (B,P ). We write P = {x1, x2, . . . , xn}.

We consider the sixth framed resolution game characterized by the conditions
below:

• The number of the data: ! P + 3.
• The initial conditions: Let (h, g, t, ξ1, ξ2, . . . , ξn) denote the data.

1. (h, g, t) is a Weierstrass representation over (B,P ).
2. P = {ξ1, ξ2, . . . , ξn}.

• The winning rules:
1. There exist an element H ∈ k[[P ]] such that the triplet (h, g, t + H) is

a Weierstrass representation over (B,P ) satisfying the Abhyankar condi-
tion and (h, g, t+H) is not reductive.

2. The product ξ1ξ2 · · · ξn ∈ k[[P ]] has a normal crossing with respect to P .
We consider the following statement AN(B,P ) for (B,P ).

AN(B,P) : For every separable Weierstrass representation (h, g, t) over (B,P ) the
player 〈I〉 can always win the game just above.

Recall the statement RW (B,Q) we gave before Lemma 3.14.

Theorem 6.3. Let r be a positive integer. Assume that AN(B,P ) is true for every
framed space germ (B,P ) with ! P ≤ r.

Then, RW (B,Q) is true for every framed space germ (B,Q) with !Q ≤ r + 1.

Proof. Let (B,Q) be a framed space germ over k with !Q ≤ r + 1. Let f ∈ k[[Q]]
be an arbitrary non-zero element. Consider the first framed resolution game after
Lemma 3.13 for 3 = 1 and f1 = f . We follow the procedures described below in
numerical order, and we go back to the line with a number when we encounter a
sentence telling it.

1. If f has a normal crossing in B, then by replacing Q by an appropriate Q1

〈I〉 can win the first game.
Below we can assume moreover that f does not have a normal crossing in

B.
2. At a step of the game, by Lemma 5.2.1 the player 〈I〉 can choose a parameter

system Q1 of k[[Q]] such that there is a separable Weierstrass representation
(h, g, t) of f under (B,Q1). Thus, after one step, we can assume that we have
a separable Weierstrass representation (h, g, t) of f under (B,Q).

3. Let P = Q − {t}. Obviously P is a frame with ! P ≤ r and (h, g, t) is a
separable Weierstrass representation of f over (B,P ). Note that each step
of the sixth game corresponding to (h, g, t) can be regarded as a step of the
first game corresponding to f = hg, since h′g′ is equal to the image of f
by B → B′. If 〈I〉 replaces P by P1 in the sixth game, then we replace
Q = P ∪ {t} by Q1 = P1 ∪ {t} in the first game. Thus, by assumption, after
a finite number of steps we can assume that Q = P ∪ {t} and that there
exist an element H ∈ k[[P ]] such that the triplet (h, g, t+H) is a Weierstrass
representation of f over (B,P ) such that it satisfies the Abhyankar condition
and it is not reductive.
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By replacing Q = P ∪ {t} by Q1 = P ∪ {t + H}, we can assume that
(h, g, t) is a Weierstrass representation of f under (P,Q) such that it satisfies
the Abhyankar condition and it is not reductive.

We consider the case w(g, t) = ∞. In this case we can write f = htm

where m = deg(g, t). Thus f has a normal crossing with respect to Q, which
contradicts our assumption.

We can assume that f does not have a normal crossing in B and that
we have a Weierstrass representation (h, g, t) of f under (B,Q) such that it
satisfies the Abhyankar condition, and it is not reductive.

4. At the next step of the game the player 〈I〉 chooses a subset C ⊂ Q with ! C =
2 described in Theorem 6.2. After 〈II〉 chooses x ∈ C and λ : C−{x} → k we
conclude a step of the first game by replacement. Moreover, after 〈I〉 chooses
an appropriate Q1 and we conclude a step by replacement. Here by (B̄, Q̄)
we denote the framed space germ before placements twice. By f̄ ∈ k[[Q̄]],
ḡ ∈ k[[Q̄]], h̄ ∈ k[[Q̄]] and t̄ ∈ Q̄ we denote the function under consideration
before placements twice. The image of f̄ by k[[Q̄]] → k[[Q]] coincides with f .
By Theorem 6.2 we have elements g ∈ k[[Q]], h ∈ k[[Q]] and t ∈ Q (Note that
g, h and t do not coincide with the images of ḡ, h̄ and t̄.), and we can assume
that one of the four cases 〈α〉, 〈β〉, 〈γ〉, 〈δ〉 in Theorem 6.2 holds.

Assume that case 〈α〉 holds. Then, f has a normal crossing. We go back
to 1 above. The player 〈I〉 can win the game.

Assume that 〈β〉 holds. sord(f) < sord(f̄). In this case we go back to 2
above.

Assume that 〈γ〉 holds. sord(f) = sord(f̄), nord(g) < nord(ḡ) and (h, g, t)
is a Weierstrass representation of f under (B,Q). We go back to 3 above with
a Weierstrass representation (h, g, t).

Assume that 〈δ〉 holds. sord(f) = sord(f̄), nord(g) = nord(ḡ) and (h, g, t)
is a Weierstrass representation of f under (B,Q). Besides, (h, g, t) satisfies the
Abhyankar condition, (h, g, t) is not reductive and 1 ≤ w(g, t) = w(ḡ, t̄) − 1.
We go back to 4 above with a Weierstrass representation (h, g, t).

We have to show that the described procedure terminates in finite steps.
We consider the totally ordered abelian group Z3 with the lexicographic order.

Note that when we enter 4, we have a Weierstrass representation (h, g, t) of f
satisfying strong conditions, and we can associate the element

c(h, g, t) = (sord(g),nord(g), [w(g, t)]) ∈ Z3,

where [ ] denotes the Gauss symbol. Note that sord(g) ≥ 0, nord(g) ≥ 0 and
[w(g, t)] ≥ 1 by definition. Thus c(h, g, t) ∈ Z3

0

In the middle of 4 we obtain framed space germs (B,Q), (B̄, Q̄) and elements
f , h, g, t, f̄ , h̄, ḡ and t̄. Then, we go back to 1, 2, 3 or 4 and encounter a lot of
replacements. Though we repeat replacements, we fix notations in the middle of 4
for explanation.

Assume that we have 〈β〉. Going back to 2, we have a parameter system Q1

of k[[Q]] and a Weierstrass representation (h1, g1, t1) of f under (B,Q1). We have
sord(g1) = sord(f). After entering 3 at the end of 3, we have an IAMT (B′, Q′)
of (B,Q1) and a Weierstrass representation (h′, g′, t′) of f ′ under (B′, Q′), where
f ′ denotes the image of f by k[[Q1]] → k[[Q′]]. Since g′ is the image of g1 by
k[[Q1]] → k[[Q′]], we have sord(g′) ≤ sord(g1) by Lemma 5.3.5. We have sord(g′) <
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sord(f̄) = sord(ḡ), and c(h′, g′, t′) < c(h̄, ḡ, t̄). We know that when we enter 4
again, we have a smaller value of c(h, g, t).

Assume that we have 〈γ〉. Going back to 3, at the end of 3 we have an
IAMT (B′, Q′) of (B,Q) and a Weierstrass representation (h′, g′, t′ + H) of f ′

under (B′, Q′), where f ′, h′, g′, and t′ denote the images of f , h, g, and t by
k[[Q]] → k[[Q′]] respectively. We have sord(g′) ≤ sord(g) = sord(f) = sord(f̄) =
sord(ḡ), nord(g) < nord(ḡ), and sord(g′) + nord(g′) = ord(g′) = deg(g′, t′ +H) =
deg(g′, t′) = deg(g, t) = ord(g) = sord(g) + nord(g). If sord(g′) < sord(g), we
have c(h′, g′, t′) < c(h̄, ḡ, t̄). Otherwise, we have sord(g′) = sord(ḡ), nord(g′) =
nord(g) < nord(ḡ), and again we have c(h′, g′, t′) < c(h̄, ḡ, t̄).

Assume that we have 〈δ〉. Since sord(g) = sord(f) = sord(f̄) = sord(ḡ), we have
c(h, g, t) < c(h̄, ḡ, t̄).

In any case we know that when we enter 4 again, we have a smaller value of
c(h, g, t). Since there is no infinite sequence {ci ∈ Z3

0 | i ∈ Z0} with ci > ci+1 for
any i ∈ Z0, the above procedure has to terminate in finite steps.

By Theorem 6.3 it turns out that the problem below is essential.

Problem: Let r be a positive integer. Show that AN(B,P ) is true for every framed
space germ (B,P ) with ! P ≤ r, assuming that RW (B,P ) is true for every framed
space germ with ! P ≤ r.

If we could solve Problem, then RW (B,Q) would be true for every (B,Q). Note
that if we drop the last condition “(h′, g′, t′+H ′) is not reductive” from AN(B,P ),
then Corollary 5.9 solves Problem.

In the remaining part of this paper, we consider Problem. The concept of re-
duction sequences in Section 7 would be effective.

Remark . In the essential parts until here, we have never used the assumption that
the characteristic number p of the ground field k is positive.

If the characteristic number of the ground field k is zero, then we can easily solve
Problem.

Let (g, t) be a Weierstrass pair with w(g, t) < ∞, and G1, G2, . . . , Gm the co-
efficient functions of (g, t). If the characteristic number is zero, then we can make
the parallel coordinate transform of (g, t) along H = G1/m. As the result, we can
assume that (g, t) is a Weierstrass pair with G1 = 0 from the beginning. It is easy
to see that if G1 = 0 and if the characteristic number is zero, then any pull-back
(g′, t′) of (g, t) is not reductive. Thus, by Corollary 5.9 Problem can be solved.

Any hypersurface singularity of a germ of a variety in characteristic zero can be
resolved by iterated monoidal transformations.

In Abhyankar [2] the parallel coordinate transformation along H = G1/m is
called the Shreedharacharya transformation.

7. Reduction sequence

We introduce an effective tool to treat the Abhyankar condition and the condition
“not reductive” simultaneously for a Weierstrass representation.

Definition 7.1. Let (B,P ) be a framed space germ over k, (h, g, t) a Weierstrass
representation over (B,P ), and ω either a positive integer or symbol ∞. We con-
sider a sequence

S = {(Bν , Pν , Hν) | 1 ≤ ν < ω + 1}
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of triplets (Bν , Pν , Hν) numbered by integers ν with 1 ≤ ν < ω+1. Let (B0, P0) =
(B,P ) and (h0, g0, t0) = (h, g, t). If S satisfies the following conditions 0–2 for every
integer ν with 1 ≤ ν < ω + 1, the condition 3 for every integer ν with 1 ≤ ν < ω,
and the condition 4, then we call S a reduction sequence of (h, g, t). We call ω the
length of S.

0. (Bν , Pν) is a framed space germ over k. Hν ∈ k[[Pν ]].
1. (Bν , Pν) is an IAMT of (Bν−1, Pν−1) with a normal crossing.

To state conditions 2–4 we define two Weierstrass representations (h′ν−1, g
′
ν−1, t

′
ν−1)

and (hν , gν , tν) over (Bν , Pν) by the following conditions 〈A〉 and 〈B〉:
〈A〉 (h′ν−1, g

′
ν−1, t

′
ν−1) is the pull-back of the Weierstrass representation (hν−1,

gν−1, tν−1) over (Bν−1, Pν−1) by the IMT (Bν−1, Pν−1) → (Bν , Pν).
〈B〉 (hν , gν , tν) = (h′ν−1, g

′
ν−1, t

′
ν−1 +Hν).

2. (h′ν−1, g
′
ν−1, t

′
ν−1) satisfies the Abhyankar condition.

3. The element Hν ∈ k[[Pν ]] is an effective reducing element of (g′ν−1, t
′
ν−1).

4. If (h′ω−1, g
′
ω−1, t

′
ω−1) is not reductive, then Hω = 0. If (h′ω−1, g

′
ω−1, t

′
ω−1) is

reductive, then w(gω, tω) = ∞.
Besides, if ω is a positive integer and if S satisfies the conditions 0–3 for every
integer ν with 1 ≤ ν < ω + 1, then we say that S is a semi-reduction sequence of
(h, g, t) of length ω. We call the empty set S = ∅ = {} semi-reduction sequence of
length 0.

We call the above sequence {(hν , gν , tν) | 0 ≤ ν < ω + 1} of Weierstrass repre-
sentations the transform Weierstrass representation sequence of (h, g, t) along S.

If ω = ∞, then we say that S has infinite length. If ω <∞, then we say that S
has finite length.

Remark . 1. The length of a reduction sequence is either a positive integer or
∞. The length of a semi-reduction sequence is either a positive integer or 0.

2. For simplicity, sometimes we identify an element in Bµ and the image of it in
Bν for any pair µ, ν of integers with 0 ≤ µ ≤ ν < ω + 1.

3. Under the identification in 2, h = hν , g = gν and tν = t+H1 +H2 + · · ·+Hν

for any 0 ≤ ν < ω + 1.
4. Let S be a reduction sequence of (h, g, t) with finite length ω. The last

Weierstrass representation (hω, gω, tω) satisfies the Abhyankar condition, and
is not reductive.

5. By condition 3 of Definition 7.1, for every 1 ≤ ν < ω (h′ν−1, g
′
ν−1, t

′
ν−1)

is reductive. If S is a semi-reduction sequence, (h′ω−1, g
′
ω−1, t

′
ω−1) is also

reductive.
6. According to the above condition in 3, in the case that ω is a positive integer,
Hω is not necessarily an effective reducing element of (g′ω−1, t

′
ω−1).

If Hω = 0, then Hω is never an effective reducing element of (g′ω−1, t
′
ω−1).

7. If S = {(Bν , Pν , Hν) | 1 ≤ ν < ω + 1} is a reduction sequence, then for every
integer λ with 1 ≤ λ < ω, the subsequence Sλ = {(Bν , Pν , Hν) | 1 ≤ ν ≤ λ}
of S is a semi-reduction sequence.

For a given infinite sequence of quadruples S = {(Bν , Pν , Hν) | 1 ≤ ν <
∞}, S is a reduction sequence of (h, g, t) with infinite length, if and only if,
for any positive integer λ the subsequence Sλ = {(Bν , Pν , Hν) | 1 ≤ ν ≤ λ}
of S is a semi-reduction sequence of (h, g, t).

Recall the statement RW (B,P ) we gave before Lemma 3.14.
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Lemma 7.2. Let r be a positive integer. Assume that RW (B,P ) is true for every
framed space germ (B,P ) such that ! P ≤ r.

Let (B,P ) be a framed space germ over k with ! P ≤ r, and (h, g, t) a Weierstrass
representation over (B,P ).

We consider the seventh framed resolution game characterized by the conditions
below:

• The number of the data: 3.
• The initial conditions: The data (h, g, t) is a Weierstrass representation over

(B,P ).
• The winning rules: The product hg has a normal crossing in B.
The player 〈I〉 of this resolution game can choose a strongly increasing sequence

{iν | 1 ≤ ν < ω + 1} of positive integers with the following property: Denote the
framed space germ obtained after the i-th step of the game by (Bi, Pi). There exists
an element Hν ∈ k[[Piν ]] for every ν such that S = {(Biν , Piν , Hν) | 1 ≤ ν < ω+1}
is a reduction sequence of (h, g, t).

Proof. The empty set S0 = {} is a semi-reduction sequence of (h, g, t) with length
0. Let i0 = 0. Thus by induction, we can assume that we have obtained a strongly
increasing sequence {iν | 0 ≤ ν ≤ λ} of positive integers for some non-negative
integer λ, the iλ-th step of the game has terminated and we already have a semi-
reduction sequence Sλ = {(Biν , Piν , Hν) | 1 ≤ ν ≤ λ} of (h, g, t) with length λ.
Let (B0, P0) = (B,P ), (h0, g0, t0) = (h, g, t), and {(hν , gν , tν) | 0 ≤ ν ≤ λ} be
the transform Weierstrass representation sequence along Sλ. Since (Biλ , Piλ) is an
IAMT of (B0, P0) = (B,P ), we have ! Piλ = ! P ≤ r. Thus RW (Biλ , Piλ) is true
by assumption.

By Corollary 5.9 there exists an integer iλ+1 with iλ+1 > iλ such that there
exists an IAMT (Biλ+1 , Piλ+1) of (Biλ , Piλ) with a normal crossing such that the
pull-back (h′λ, g

′
λ, t

′
λ) of (hλ, gλ, tλ) by the IMT (Biλ , Piλ) → (Biλ+1 , Piλ+1) satisfies

the Abhyankar condition, if they continue the game.
In case where (h′λ, g

′
λ, t

′
λ) is not reductive, letting Hλ+1 = 0, S = {(Biν , Piν ,

Hν) | 1 ≤ ν ≤ λ+ 1}, we have a reduction sequence S of (h, g, t) with length λ+ 1.
In case where (h′λ, g

′
λ, t

′
λ) is reductive, by Lemma 5.15.7 there exists an effective

reducing element Hλ+1 ∈ k[[Piλ+1 ]], and it satisfies w(g′λ, t
′
λ) < w(g′λ, t

′
λ +Hλ+1).

If w(g′λ, t
′
λ +Hλ+1) = ∞, letting S = {(Biν , Piν , Hν) | 1 ≤ ν ≤ λ+ 1}, we have

a reduction sequence S of (h, g, t) with length λ+ 1.
In case where w(g′λ, t

′
λ +Hλ+1) <∞, Sλ+1 = {(Biν , Piν , Hν) | 1 ≤ ν ≤ λ+ 1} is

a semi-reduction sequence of (h, g, t) with length λ + 1, and Sλ+1 is an extension
of Sλ. We can ascend an induction step.

Assume that for any non-negative integer λ a reduction sequence S of (h, g, t)
with length λ + 1 is not constructed, when we repeat the above procedure. Then,
for any non-negative integer λ a semi-reduction sequence Sλ of (h, g, t) with length
λ is constructed. For any pair µ, λ of integers with 0 ≤ µ < λ Sλ is an extension of
Sµ. In this case S = {(Bν , Pν , Hν) | 1 ≤ ν <∞} is a reduction sequence of (h, g, t)
with infinite length.

Below we consider reduction sequences with infinite length.

Proposition 7.3. Let (B,P ) be a framed space germ over k, (h, g, t) a Weierstrass
representation over (B,P ), and S = {(Bν , Pν , Hν) | 1 ≤ ν < ∞} an reduction se-
quence of (h, g, t) with infinite length. Let (B0, P0) = (B,P ) and (h0, g0, t0) =
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(h, g, t). Let {(hν , gν , tν) | 0 ≤ ν < ω + 1} be the transform Weierstrass represen-
tation sequence of (h, g, t). We denote m = deg(g, t), Pν = {xν,1, xν,2, . . . , xν,n},
and Zν = k[[Pν ]] = k[[xν,1, xν,2, . . . , xν,n]]. By the IMT Bν → Bν+1 we define an
inductive system {Bν | ν ≥ 0}, and denote B = lim−→ νBν = ∪∞

ν=0Bν . For simplicity,
we identify Bν and the image of the canonical homomorphism Bν → B. Under
this identification, we have h = hν , g = gν and tν = t +

∑ν
µ=1Hµ for every non-

negative integer ν. We understand
∑0

µ=1Hµ = 0 here as a convention. Also we
denote Z = lim−→ νZν = ∪∞

ν=0Zν . Note that w(g, t) < ∞ and m ≥ 1, since S with
infinite length exists.

Then, there exist an infinite sequence

{(bν,1, bν,2, . . . , bν,n) | 1 ≤ ν <∞}
of n-tuples (bν,1, bν,2, . . . , bν,n) of non-negative integers bν,i, an infinite sequence

{ην | 1 ≤ ν <∞}
of elements ην ∈ Z, and an infinite sequence

{(Fν,1, Fν,2, . . . , Fν,m) | 0 ≤ ν <∞}
of m-tuples (Fν,1, Fν,2, . . . , Fν,m) of elements Fν,j ∈ Z satisfying the following con-
ditions (1.ν), (2.ν), (3.ν) for every positive integer ν and the condition (4.ν) for
every non negative integer ν. For simplicity, we write

xbν
ν = xbν,1

ν,1 x
bν,2
ν,2 · · ·xbν,n

ν,n =
n∏

i=1

x
bν,i

ν,i .

(1.ν) Note that Fν−1,j ∈ Zν−1 ⊂ Zν for every 1 ≤ j ≤ m. The m-tuple (Fν−1,1,
Fν−1,2, . . . , Fν−1,m) of elements in Zν satisfy the Abhyankar condition over
the framed space germ (Bν , Pν). The characteristic numbers of (Fν−1,1, Fν−1,2,
. . . , Fν−1,m) are equal to (bν,1, bν,2, . . . , bν,n). w(Fν−1,1, Fν−1,2, . . . , Fν−1,m) =∑n

i=1 bν,i.
(2.ν) At least one of bν,1, bν,2, . . . , bν,n is not zero. xbν

ν ∈M(Zν).
(3.ν)

Hν = ην
ν∏

µ=1

xbµ
µ , ην ∈ Z∗

ν .

(4.ν) Fν,j ∈M(Zν) for every 1 ≤ j ≤ m.

g = tmν +
m∑
j=1

(
ν∏

µ=1

xbµ
µ

)j

Fν,jt
m−j
ν .

We understand
∏0

µ=1 x
bµ
µ = 1 here as a convention.

Proof. By induction on ν we define Fν,j (1 ≤ j ≤ m), bν,i (1 ≤ i ≤ n), and ην .
First, let F0,1, F0,2, . . . , F0,m ∈ M(Z0) = M(Z) be the coefficient functions of

(g0, t0) = (g, t). The condition (4.0) holds.
Let ν be a positive integer. Assume that in addition to F0,j (1 ≤ j ≤ m) which

we have just defined, we have already defined Fµ,j , bµ,i, ηµ for every integers µ, j, i
satisfying 1 ≤ µ < ν, 1 ≤ j ≤ m, 1 ≤ i ≤ n, and they satisfy (4.0) and (1.µ), (2.µ),
(3.µ) (4.µ) for every positive integer µ with 1 ≤ µ < ν.

We will define bν,1, bν,2, . . . , bν,n, ην , and (Fν,1, Fν,2, . . . , Fν,m) so that they will
satisfy (1.ν), (2.ν) (3.ν) and (4.ν).
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By definition of the reduction sequence, the Weierstrass representation (h, g, tν−1)
over (Bν , Pν) satisfies the Abhyankar condition and is reductive. By (4.ν − 1) the
coefficient functions of (g, tν−1) is equal to (

∏ν−1
µ=1 x

bµ
µ )jFν−1,j 1 ≤ j ≤ m. Since

the IMT (Bµ, Pµ) → (Bν , Pν) for any 0 ≤ µ ≤ ν has a normal crossing, we have
non-negative integers c1, c2, . . . , cn and an element v ∈ Z∗

ν with

ν−1∏
µ=1

xbµ
µ = vxc1ν,1x

c2
ν,2 · · ·xcn

ν,n.

By Lemma 5.15.9 the m-tuple vjFν−1,j 1 ≤ j ≤ m satisfies the Abhyankar con-
dition, and the weight of it is equal to the sum of the characteristic numbers of
it.

By Lemma 5.14.3 also the m-tuple Fν−1,j 1 ≤ j ≤ m satisfies the Abhyankar
condition. Besides, the m-tuple vjFν−1,j 1 ≤ j ≤ m and the m-tuple Fν−1,j

1 ≤ j ≤ m have common weight and common characteristic numbers.
Let bν,1, bν,2, . . . , bν,n be the characteristic numbers of the m-tuple Fν−1,j 1 ≤

j ≤ m. By Lemma 5.15.9 one knows that they satisfy (1.ν) and (2.ν).
By Lemma 5.15.9 the characteristic numbers of (g, tν−1) are equal to ci + bν,i

1 ≤ i ≤ n. By definition of xbν
ν we have

x
c1+bν,1
ν,1 x

c2+bν,2
ν,2 · · ·xcn+bν,n

ν,n =
1
v

ν∏
µ=1

xbµ
µ .

Since Hν is an effective reducing element of (g, tν−1), we have

η =
Hν

x
c1+bν,1
ν,1 x

c2+bν,2
ν,2 · · ·xcn+bν,n

ν,n

=
vHν∏ν
µ=1 x

bµ
µ

∈ Z∗
ν ,

and w(g, tν−1) < w(g, tν−1 +Hν). Thus ην = η/v satisfies (3.ν).
Since tν = tν−1 + Hν , by Lemma 5.15.8 there exists an m-tuple Fj ∈ M(Zν)

1 ≤ j ≤ m satisfying

g = tmν +
m∑
j=1

(xc1+bν,1
ν,1 x

c2+bν,2
ν,2 · · ·xcn+bν,n

ν,n )jFjtm−j
ν .

Let Fν,j = Fj/vj for 1 ≤ j ≤ m. The m-tuple Fν,j 1 ≤ j ≤ m satisfies (4.ν).

Corollary 7.4. 1. For every positive integer ν also the following (5.ν) holds:
(5.ν) For every 1 ≤ j ≤ m

uν,j =
Fν−1,j

(xbν
ν )j

∈ Zν , uν,j(0) =
(
m

j

)
ην(0)j , and

g = tmν−1 +
m∑
j=1

(
ν∏

µ=1

xbµ
µ

)j

uν,jt
m−j
ν−1 .

2. For every positive integer ν and for every 1 ≤ j ≤ m

(xbν
ν )jFν,j =

(
m

m− j

)
(−ηνxbν

ν )j +
j∑

i=1

(
m− i
m− j

)
(−ηνxbν

ν )j−iFν−1,i.
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Proof. 1. By (1.ν) we have uν,j ∈ Zν . Substituting Fν−1,j = (xbν
ν )juν,j into

(4.ν − 1), we obtain the equality for g.
For simplicity, we write X = x

c1+bν,1
ν,1 x

c2+bν,2
ν,2 · · ·xcn+bν,n

ν,n . By the equality we
just obtained, one knows

in(g, tν−1) = tmν−1 +
m∑
j=1

(v(0)X)juν,j(0)tm−j
ν−1 .

By (3.ν) in(Hν) = ην(0)v(0)X. By Lemma 5.12.3 in(g, tν−1) = (tν−1 + in(Hν))m.
Thus for every 1 ≤ j ≤ m

(v(0)X)juν,j(0) =
(
m

j

)
(v(0)X)jην(0)j .

Since v(0)X �= 0, we obtain the desired equality.
2. It follows from Lemma 5.10.2.

8. Proof of Theorem 1.1

We give a proof of Theorem 1.1 in Introduction.

Proof. Assume that AN(B,P ) is true for every framed space germ (B,P ) with
dimB = n+ 1 and ! P ≤ n.

Let B be a space germ with dimB = n+ 1, f ∈ B a non-zero element, and Q a
parameter system of B. One has f ∈ k[[Q]] = B and !Q = n+ 1. By Theorem 6.3
RW (B,Q) is true. This implies that (B, f) �∈ X and min{dimB | (B, f) ∈ X} >
n+ 1, which contradicts the definition of the integer n.

We conclude that there exists a framed space germ (B,P ) such that dimB =
n+1, ! P ≤ n and AN(B,P ) is false. Below by (B,P ) we denote the framed space
germ with these properties.

Note that RW (B,P ) is true. Let A = k[[P ]] and f ∈ A an arbitrary non-zero
element. Since dimA = ! P ≤ n, the element f ∈ A can be resolved. We consider
the resolution game of f ∈ A. Assume that the player 〈I〉 chooses a non-singular
closed subscheme C of Spec(A). Let λ : Λ → Spec(A) denote the blowing-up
with center C. Let C̃ denote the inverse image of C by Spec(B) → Spec(A), and
σ : Σ → Spec(B) denote the blowing-up with center C̃. We have the commutative
diagram below.

Σ σ−−−−→ Spec(B)

π

� �
Λ λ−−−−→ Spec(A)

It is easy to see that for every closed point r ∈ Λ lying over the unique closed point
of Spec(A), there exists a unique closed point s ∈ Σ lying over the unique closed
point of Spec(B) such that π(s) = r. Thus, for the player 〈II〉, choosing a closed
point r ∈ Λ and choosing a closed point s ∈ Σ are equivalent. Since the player
〈I〉 can win the game for f ∈ A, 〈I〉 can win the first framed resolution game for
(B,P ), 3 = 1 and f1 = f ∈ A.

By Lemma 7.2, for every Weierstrass representation (h, g, t) over (B,P ), the
player 〈I〉 can choose a sequence {iν | 1 ≤ ν < ω + 1} described in Lemma 7.2.1,
when he plays the seventh framed resolution game for (h, g, t).
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Assume that ω < ∞. Then, for tω = t + H1 + H2 + · · · + Hω, (h, g, tω) is a
Weierstrass representation satisfying the Abhyankar condition which is not reduc-
tive. This follows from Definition 7.1. The player 〈I〉 can win the sixth framed
resolution game for (h, g, t).

Since AN(B,P ) is false, there exists a separable Weierstrass representation
(h, g, t) over (B,P ) such that w(g, t) < ∞ and ω = ∞. By Proposition 7.3
we obtain claims of Theorem 1.1. The separable condition in (5.ν) follows from
Lemma 5.3.4 and Lemma 5.12.1.
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