THE GAUSS MAP AND THE DUAL VARIETY
OF REAL-ANALYTIC SUBMANIFOLDS
IN A SPHERE OR IN HYPERBOLIC SPACE

TOHSUKE URABE

ABSTRACT. We study the Gauss map and the dual variety of a real-analytic
immersion of a connected compact real-analytic manifold into a sphere or into
hyperbolic space. The dual variety is defined to be the set of all normal
directions of the immersion. First, we show that the image of the Gauss map
characterizes the manifold. Also we show that the dual variety characterizes
the manifold. Besides, duality of the second fundamental form and some results
on degeneration are obtained.

1. INTRODUCTION

The study of the behavior of tangent spaces is a basic subject in geometry. In
this article we focus our study on real-analytic manifolds in an N-sphere or in
hyperbolic N-space. We will show that the image of the Gauss map characterizes
the manifold.

By € = £1 we denote the sign to characterize these two cases throughout this
article. When we consider an N-sphere, € denotes +1, and for hyperbolic N-space
e=—1.

Let V' denote an (N + 1)-dimensional real vector space with an inner product
(, ). We assume that V has a basis by, by, ...,by satisfying (bg, by) = e,
(bi, b)) =1for 1 <i < N and (b;, b;) = 0 for i # j. By S we denote the standard
N-sphere or the standard hyperbolic N-space. In the case of the sphere

S={aeV|(aa) =1}
and in the case of the hyperbolic space
S = one of the two connected components of {a € V | (a, a) = —1}.

Let M be an n-dimensional differentiable manifold, and ¢ : M — S be an
immersion. For every point p € M by Tp(M ) we denote the linear space spanned
by the image 0.T,(M) C V of the tangent space of M at p and the vector o(p).
(We have identified T}, (V) with V' here.) Associating each point p € M with

T,(M), we can define a map g : M — G(n + 1,V) to the Grassmann manifold
parameterizing (n + 1)-dimensional linear subspaces in V. We call the map g the
(generalized) Gauss map.

We say that 0 : M — S is almost injective, if there is an open dense subset in
M such that o is injective on it. In the case of the sphere by 7: 5 — S we denote
the antipodal map 7(a) = —a. Our first main result is the following:
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Theorem 1.1. Let M and M’ be n-dimensional smooth connected compact real-
analytic manifolds. Let 0 : M — S and o' : M' — S be almost injective real-
analytic immersions. Assume that the image of the associated Gauss map M —
G(n+ 1,V) and the image of M’ — G(n + 1,V) coincide as sets. Then, there is
an real-analytic isomorphism ¢ : M — M’ such that either o = o’¢ holds, or S is
a sphere and 0 = 70’ ¢ holds.

The Gauss map for submanifolds of an N-sphere or of hyperbolic N-space has
been studied by many authors. (See Obata [9], Sakaki [11, 12].) However, the above
fundamental result does not seem to have been known to differential geometers.
On the other hand, among algebraic geometers the theory of dual varieties has
been well-known. (See Griffiths, Harris [6], Kleiman [8], Piene [10], Urabe [14],
Wallace [15].) According to the theory of dual varieties, one finds that an analogous
result to the above Theorem 1.1 holds for algebraic varieties in a complex projective
space.

Let CPY = CP(V ® C) be the complex projective space associated with the
complex vector space V ® C. Let X be an algebraic subvariety of cpV. (Recall
that the common zero-point set on CP¥ of finitely many homogeneous polynomials
satisfying the irreducible condition is called an algebraic subvariety.) Let Xgmooth
denote the set of smooth points on X. For every point p € Xqnootn the embedded
tangent space Tp(X ) is defined. It is a complex projective linear subspace in cpV
with the same dimension as X such that p is a singular point of Xgpno0th ﬂTp(X ). A
complex projective hyperplane H in CPY is called a tangent hyperplane to X, if H
contains Tp(X ) for some p € Xgmooth. The set of all tangent hyperplanes to X can
be regarded as a set in the dual complex projective space CPVY = CP(V*® C)
associated with the dual vector space V* = Hom(V, R). The closure X" in cpMY
of the set of all tangent hyperplanes to X is called the dual variety of X. It is not
difficult to show that XV is an algebraic subvariety in CPYV and the the second
dual variety (XV)Y coincides with X.

On the other hand, the correspondence p € Xgmooth — T »(X) defines the Gauss
map from Xgpooth to a complex Grassmann manifold parameterizing complex lin-
ear subspaces in V ® C. By the definition it is obvious that the dual variety XV is
determined by the image of the Gauss map. Thus one can conclude that an analo-
gous result to Theorem 1.1 holds for algebraic subvarieties in a complex projective
space.

Besides, we can conclude immediately that Theorem 1.1 holds, if we replace
the word “real-analytic” by the word “real-algebraic.” An immersion o : M — S
of an n-dimensional differentiable manifold M is said to be real-algebraic, if there
is an algebraic subvariety X of complex dimension n in CP(V ® C) defined by
finitely many homogeneous polynomials with coeflicients in real numbers such that
the intersection X N RP(V) coincides with the image of the map M — S —
V — {0} — RP(V), where RP(V) denotes the real projective space associated
with V. We regard RP(V) as a subset of CP(V ® C) by the natural inclusion
RP(V) — CP(V & C).

Note here that it is very hard to check whether a given manifold is real-algebraic
or not. Maybe this is the main reason why differential geometers do not have
respected the importance of the theory of the dual variety. Therefore the general-
ization for the real-analytic case or for the C'>° case is very important
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When we try to give the generalization for real-analytic varieties, we encounter
several difficulties. Consider the basic situation. Let M be a smooth connected
compact real-analytic manifold, and M — RP(V) be an embedding (i.e., an injec-
tive immersion). For M the embedded tangent space T,(M) of M at a point p € M
is a real projective linear space in RP(V). It is easy to define the dual variety MY
in the dual real projective space RP(V*) as a set. The set of real projective hyper-
planes H in RP(V) such that there is a point p € M with T,,(M) C H is defined
to be MV. However, in general MV is not a real-analytic variety but a so-called
subanalytic set. This is the first difficulty. Besides, therefore, we cannot define the
second dual variety (M),

In this article we apply ideas of Whitney and Thom (Bruhat, Whitney [3], Whit-
ney [16], Thom [13]) to overcome these difficulties. Their idea is sometimes rep-
resented by the word “stratification”. The origin of their idea seems to be the
real-analytic case. However, the fundamental theory of real-analytic sets including
stratification theory is not still well-developed, compared with the algebraic case
and the complex-analytic case. Despite that the real-analytic case is the most im-
portant for application, it is hard to construct the theoretical foundation. The main
task in this article is to make their idea down-to-earth in the real-analytic case.

Now, we have explained difficulties in our problem using the projective geometry.
We return to our main situation in the beginning part. We consider an immersion
o : M — S of an n-dimensional differential manifold M to a sphere or hyperbolic
space, because spheres and hyperbolic spaces would be more important than real
projective spaces for differential geometers.

Let SY ={a € V| (a, a) = 1}. Note that S¥ = S in the case of the sphere, and
SY' NS =0 in the case of the hyperbolic space. We will define the dual variety MY
of M as a subset of SV. Note here that if a non-zero vector a € V is orthogonal to

T, (M) for some p € M, then (a, a) > 0. We define
MY = {a € S¥ | The vector a is orthogonal to T),(M) for some p € M.}.

Theorem 1.2. Let M and M’ be n-dimensional smooth connected compact real-
analytic manifolds. Let o : M — S and o' : M' — S be almost injective real-
analytic immersions. Assume that their dual varieties MV and M"Y coincide as
sets. Then, there is an real-analytic isomorphism ¢ : M — M’ such that either
o =o'¢ holds, or S is a sphere and o = 170’ ¢ holds.

Theorem 1.1 follows from Theorem 1.2.

The dual variety MY has many interesting properties. Among them Theo-
rem 4.11 in Section 4 is noteworthy. It shows that the second fundamental form
of MV is the dual of the second fundamental form of M. It implies also that the
second fundamental form of MV depends on only the second order differentials of
M. Despite that the dual variety MV is defined by the first order differentials of
M, to describe the second fundamental form of M"Y one never needs the third order
information.

In Section 2 we review some fundamental results on real-analytic varieties and
real-analytic maps. Theorem 2.31 is the key in this article. It plays a basic role
in geometry of real-analytic manifolds. Besides, we develop also the theory of
ordinary singularities. Ordinary singularities are singularities on the image of a
proper immersion from a smooth manifold. Section 3 is devoted to the proof for
Theorem 1.1 and Theorem 1.2. In Section 4 we study the dual variety and the
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Gauss map from the point of view of the differential geometry. Theorem 4.11 is the
main achievement. In Section 5 we consider degeneration of the dual variety and
degeneration of the Gauss map. Theorem 5.4 is the main result in this section.

In this article we always assume that every manifold has a countable basis of
topology.

I express thanks to Makoto Sakaki for his causing my interest on this subject
and sending me some of his results. I thank Masahiro Shiota for answering my
question on real-analytic varieties.

2. REAL-ANALYTIC SETS AND REAL-ANALYTIC MAPS

In this section we review fundamental properties of real-analytic sets and real-
analytic maps. Perhaps differential geometers are not familiar with the theory
developed below. We try to give some details. We will apply Theorem 2.14, Propo-
sition 2.16, Corollary 2.32, and Lemma 2.33 in the next section.

Let @ be a real-analytic manifold.

Lemma 2.1 (Theorem of identity). Assume that Q is connected. Let f be a real-
analytic function over Q. Let U C Q be a non-empty open subset. If f(q) = 0 for
every point q € U, then f is identically zero over Q.

Let A denote the sheaf on @ of real-analytic functions with values in real num-
bers. A correspondence F satisfying some conditions corresponding an arbitrary
open subset U C @ to an abelian group F(U) is called a sheaf on Q. For A, A(U)
is the ring of real-analytic functions over U with values in real numbers. For every
point g € @ the stalk A, = lii)n.A(U ) is isomorphic to the ring of convergent power

U>gq
series with coefficients in real numbers, and is a Noetherian ring with a unique
maximal ideal. We denote the maximal ideal {f € A, | f(¢) = 0} of A, by M,. In
the theory below the ring R = A(Q) of real-analytic functions defined over @ plays
an important role. The ring R is not necessarily Noetherian.

The most important property of the sheaf A is coherence.

A sheaf F on @ of A-modules is said to be finitely generated, if for every point
q € @ we have an open neighborhood U of ¢, a positive integer m and a surjective
sheaf morphism (A|U)™ — F|U of A-modules on U, where A|U and F|U denote
the restriction to U of sheaves A and F respectively. A finitely generated sheaf
F of A-modules is said to be coherent, if for every open set U, for every positive
integer m, and for every sheaf morphism ¢ : (A|U)™ — F|U of A-modules, the
kernel Ker ¢ is finitely generated.

Let E C R be an ideal of the ring R. An ideal sheaf E in A is defined associated
with E. By EA,; we denote the ideal in the stalk A, at ¢ € Q) generated by E.
For an open set U we define the corresponding ideal by E(U) = {f € A(U) | f €
EA, for every ¢ € U}.

Theorem 2.2 (Gunning, Rossi [7, Chapter IV]). 1. A is a coherent sheaf of A-
modules.
2. For every ideal E C R the sheaf E is a coherent ideal sheaf of A-modules.
3. A finitely generated subsheaf of a coherent sheaf is coherent.
4. Let 0 - F — F' — F" — 0 be an exact sequence of sheaves of A-modules.
If two of F, F and F" are coherent, then the other is also coherent.
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Corollary 2.3. A sheaf F of A-modules is coherent if and only if for every point
q € Q we have a neighborhood U of q, positive integers I, m, and an ezxact sequence
(AIU) — (AU)™ — FIU — 0 of sheaves of A-modules.

Proof. The “only if” part follows from the definition of coherence. We show the “if”
part. By Theorem 2.2.1 and 4 (A|U)™ is coherent. In the above exact sequence
the kernel of (A|U)™ — F|U is finitely generated, and thus, it is coherent by
Theorem 2.2.3. Again by Theorem 2.2.4 we conclude F|U is coherent. Since ¢ € Q
is arbitrary, we conclude F is coherent. O

For every sheaf F on @ we can define the cohomology group H™(Q, F) for every
non-negative integer m. (Gunning, Rossi [7], Cartan [4])

Theorem 2.4 (Cartan [4], Grauert [5]). When Q is a real-analytic manifold, for
every coherent sheaf F of A-modules and for every integer m >0 H™(Q, F) = 0.

Lemma 2.5. Let J be a coherent sheaf of ideals in A. Let E = J(Q) be the ideal
in R of global sections of J. Then, J = FE.

Proof. Let ¢ € @ be an arbitrarily fixed point.

First, we show J, = EA,. Let M denote the ideal sheaf in A defined by the
condition M(U) = {f € A(U) | f(¢) = 0} for any open set U with ¢ € U and
M(U) = AU) if ¢ ¢ U. Since M|Q — {q¢} = A|Q — {q}, M is coherent around
any point p with p # ¢. Let Uy be a coordinate neighborhood around ¢ and
21,22, .., 2y be the local coordinates with z1(q) = 22(¢) = -+ = 2z,(¢) = 0. Let
Ey be the ideal in A(Up) generated by z1,2s,...,2,. By definition M|Uy = E,.
Replacing @ in Theorem 2.2.2 by Uy one knows that M|Uj is coherent. Thus M is
coherent. By Theorem 2.2.4 and Corollary 2.3 we can conclude G = J @4 (A/ M)
is also coherent. Note that by definition G, = J, ®4, (Aq/M,) and G, = 0 if
p # q. We have a surjective morphism J — G of sheaves of A-modules. The sheaf
F = Ker (J — G) is also coherent. We have an exact sequence £ = J(Q) —
T @4, (Ag/My) = G(Q) — HY(Q, F). By Theorem 2.4 H'(Q, F) = 0. Thus
E — J4®a4, (Aq/M,) is surjective, and J;, = EA,+ M,J,. Since F is coherent, F,
is a finitely generated Az,-module. By Nakayama’s lemma in commutative algebra
we can conclude J; = EA,.

Now, by the definition of E there is an injective sheaf morphism J — E. By
the above and by the definition of F one knows Jq = Eq. Since g € @ is arbitrary,
one concludes J = E. O

A subset X C @ is said to be real-analytic or analytic, if for every point ¢ € X we
have a neighborhood U of g and finitely many real-analytic functions fi, fa,..., fs
on U such that X NU = {p € U | fi(p) = fa(p) = -+ = fs(p) = 0}. Note that
the point ¢ runs not over @ but over X. Thus, by definition any analytic subset X
is not necessarily closed but locally closed, in other words, we have an open set U
such that X is a closed subset of U.

For a sheaf F on @ the set of points ¢ € @) such that the stalk F; at ¢ is non-zero
is called the support of F, and is denoted by Supp (F).

Lemma 2.6. Let F be a coherent sheaf of A-modules on Q.

1. For a point q € Q, Fq =0 if and only if Fy ®a, (Aq/My) = 0.
2. Supp (F) is a closed analytic set in Q.
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Proof. 1. By Nakayama’s lemma we obtain the claim.

2. Let p € @ be an arbitrary point. By coherence we have an open neighborhood U
of p and an exact sequence (A|U)! 2, (A|U)™ — F|U — 0 for some positive integers
I, m. The morphism ¢ is represented by a m x{ matrix with entries ¢; ; € A(U). For
every point ¢ € U we have an exact sequence R/ ), R"™ — Fq®a4, (Ag/My) — 0,
where ¢(q) denotes the linecar map defined by the matrix (¢; ;(q)) evaluated at g.
Let fi1, fa,..., fs € A(U) be m x m minors of the matrix (¢; ;). One knows that
Fq®a, (Ag/My) # 0 if and only if fi(q) = 0 for 1 < i < s. Thus by 1 we have
Supp (F)NU ={q e U| fi(qg) =0for 1 <i < s}. Since p € Q is arbitrary, we
obtain the conclusion. O

For an ideal F in the ring R we denote

V(E)={qe Q| f(qg) =0 for every f € E.}.
By definition V(E) is a closed subset of Q.

Lemma 2.7. V(E) = Supp (A/E) for any ideal E in the ring R.

Proof. Let ¢ € @ be an arbitrary point. By definition ¢ € V(E) if and only if
EA, C M,. On the other hand, by the definition of the sheaf E we have E, = EA,.
Thus ¢ ¢ V(E) if and only if E, = A,. Since (A/E), = A,/E, for stalks, we can
conclude V(E) = Supp (A/E). O

Note that an ideal E in the ring R of analytic functions on @ is not necessarily
finitely generated. However, the following proposition holds:

Proposition 2.8. The set V(E) is a closed analytic set for any ideal E in the ring
R.

Proof. By Lemma 2.7 V(E) = Supp (A/E). By Theorem 2.2.2 and 4 the ideal
sheaf £ and the sheaf A/E are coherent. By Lemma 2.6.2 we conclude that V(E)
is closed and analytic. O

An analytic subset X C @ is said to be global or, more precisely, global in Q
referring to @, if we have an ideal E in the ring R such that X = V(E). Any global
analytic set in @ is closed in Q.

Proposition 2.9. A subset X C Q is a global analytic set if and only if we have a
coherent ideal sheaf J in A such that X = Supp (A/T).

Proof. Let X be a global analytic set. By Lemma 2.7 we have an ideal E C R with
X = Supp (A/E). By Theorem 2.2.2 the ideal sheaf E is coherent.

Conversely, assume that X = Supp (A/J) for some coherent sheaf [J of ideals.
By Lemma 2.5 J = E for E = J(Q). By Lemma 2.7 we have X = V(E). Thus X
is global. O

For any subset X C @ the ideal
I(X)={fe€R]| f(q) =0 for every point g € X.}

is called the ideal of X. It is uniquely determined by X.
Besides, for X C @ we can define the ideal sheaf Zx. For an open set U C @
the corresponding ideal is given by

Ix(U)={fec A(U)| f(q) =0 for every point g € X NU.}.



THE GAUSS MAP AND THE DUAL VARIETY 7

ZIx is called the ideal sheaf of X. By definition I(X) = Zx(Q) and we have the

canonical injective sheaf morphism I(X) — Zx of A-modules. Note that in general

—

sheaves I(X) and Zx do not necessarily coincide.

Corollary 2.10. If the ideal sheaf ITx of a closed analytic set X is coherent, then
X is global.

Proof. It is not difficult to show X = Supp (A/Zx), if X is closed and analytic.
Thus the corollary follows from Proposition 2.9. O

Remark. 1. In Cartan [4] we find an example of a closed analytic set which is
not global in the case Q = R3>.
2. Let @ = R3 and X = {(x, y, 2) € R3 | 22 = y?2}. By definition X is a global
analytic set. However, the ideal sheaf Zx is not coherent around the origin.

A global analytic set X C @ is said to be reducible, if we have global analytic
sets X' and X" satisfying X = X’ U X", X # X’ and X # X”. We say that a
global analytic set X is irreducible, if X is not reducible.

The lemma below follows from the definitions.

Lemma 2.11. 1. If E C E’' for ideals E, E' in R, then V(E) D V(E')

2. If X C X' for subsets X, X' in Q, then I(X) D I(X").

3. X C V(I(X)) for any subset X C Q. The quality X =V (I(X)) holds if and
only if X is a global analytic set.

4. I(XUX')=I(X)NI(X') for any subsets X, X'. Moreover, if X and X' are
global analytic sets, then so is the union X U X'.

5. Let Xx (A € A) be a family of global analytic sets. Let Eq be the ideal in R
generated by the union Jycp I(X2). Then (ycp Xa = V(Eo). In particular,
(Mxea Xx is also a global analytic set.

6. A global analytic set X is irreducible if and only if I(X) is a prime ideal.

Lemma 2.12. Let X, (m=1,2,3,...) be a sequence of global analytic sets in Q.
We assume that X, D X1 for every m. Then, for every compact subset K C @,
there is an integer mo such that X,, N K = X,;,, N K for m > my.

Proof. Let E,, = I(X,,) and Es = J,,, Em. Since E,, C Epqq for every m, Eo
is an ideal in R. By Theorem 2.2.2 7, = EOO and J,, = Em are coherent ideal
sheaves. Let ¢ € K be an arbitrary point. We can choose a finitely generated sub-
ideal Dy C Eo with (Js)q = ExcAg = Dy Ay, since (Jxo)q is a finitely generated
Ag-module. Since D, is finitely generated, there is a number m, with D, C E,,, .
This implies (Jw)q = (Tm,)q- Thus (Joo/Tm,)q = 0. Since Joo/Tim, is coherent,
there is an open neighborhood U, of ¢ in @ such that (Je/Tm,)|U; = 0. We
have Jpn,|Uy = Joo|Uy. Since there are injective morphisms J,n, — Jm — Joo
for m > my, one concludes that 7,,|U; = Jx|Uy for every m > m,. Since K is
compact, we have finitely many points g1, ¢a,...,qs € K with K C U = |J;_, U,
Set mp = maxi<;<s Mq,. We have J,|U = Juo|U for every m > my. By Lemma 2.7
we have X, NU = V(E,,) NU = Supp ((A/Tm)|U) = Supp ((A/T)|U) for m >
mg. Since X,, N K = (X, NU) N K, we obtain the claim. O

For subsets X, U in @), we write
Xy =V{I(XNU)).
Lemma 2.13. 1. Xy is a global analytic set.
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2. IfY is a global analytic set, and if Y D X NU, then Y D Xy.
3. If X is a global analytic set, then X NU = Xy NU.
4 Xy =Xy)v. XUX)y =Xy UX[.

Theorem 2.14 (Bruhat, Cartan [2]). Let K be a compact subset of Q. For every
global analytic set X in Q there exists a unique finite family of global analytic sets
{Y1,Ya,..., Y} satisfying the following conditions:

1L Xk =Y,UYaU---UY,

2. Y; is irreducible for every i.

3. ;Y foranyi#j.

Proof. First, we will show the existence of the finite family {Y7, Y5, ..., Y} satisfy-
ing the condition 1 for X and the condition 2. Let I" denote the set of global analytic
sets X such that any finite family {Y7,Y5,...,Y;} does not satisfy the condition 1
for X or the condition 2. Assume I' # (). We will deduce a contradiction. Choose
an element X € I'. If X is irreducible, then for s = 1 the set {Xx} satisfies the
two conditions. Thus X is reducible and we can write Xx = X' U X" for some
global analytic sets X', X" with Xx # X' and Xx # X" If X' ¢ T and X" ¢ T,
then we have X ¢ T, a contradiction, because X = (X' UX")gx = X'k UX" k.
Thus we can assume X’ ¢ T, after exchanging X’ and X", if necessary. Since
XDXg DX, wehave XNK D X'NK. If XNK = X'NK, then we have
XKk C X', and Xg = X', a contradiction. Thus XNK # X'NK. Repeating similar
arguments, one sees that there is a sequence of elements X,, € T' (m =1,2,3,...)
with X; = X, X5 = X’ such that X,,, D X,;,41 and X,,, N K # X,,,.1 N K for every
m. This contradicts Lemma 2.12. Thus I' = §.

Let A = {Y1,Y5,...,Y;} be a finite family satisfying the condition 1 for X and
the condition 2. If we have numbers ¢ and j such that ¢ # j and Y; C Y}, also the
set A’ = A —{Y;} satisfies the condition 1 for X and the condition 2. Thus we can
replace A by A’. Repeating this procedure in finite steps, we can obtain the set
satisfying all three conditions.

We will next show the uniqueness. Let A = {Y1,Y5,...,Ys} and A" = {Y/, Y],
..., Y’} be two families satisfying the above three conditions for X. Since Xy =
YiUYaU---UY, = Y/ UYJU---UY/, we have ¥; = |J;_, (Y; NY) for every i. Since
Y; is irreducible and the right-hand side is a global analytic set, one knows that for
each ¢ there is a number 7 with Y; = Y¥; N Yj’ . The last condition is equivalent to
Y; C Y/. Similarly, one knows that for each j there is a number k with Y/ C Y;.
Thus, for each i we have numbers j, k with Y; C Yj' C Y. By the condition 3 we
have i = k and Y; = Y. This implies A C A’. Similarly we have A > A’, and thus
A=A O

Consider Theorem 2.14 when X is compact. We can choose a compact set K
with X C K, and then we have X = X. In this case the equality in the condition
1 is called the irreducible decomposition of X, and Y1,Ys,...,Y; are called the
irreducible components of X.

To develop local theory the concept of germs is important.

Fix a point ¢ € @ and consider a pair (U, X ), where U C @ is a neighborhood of
¢ and X is a subset of U. We say that two pairs (U, X) and (U’, X') is equivalent, if
we have a neighborhood U” such that ¢ € U” c UNU’ and XNU"” = X'NU". An
equivalence class is called a germ or a germ of sets at ¢, and the equivalence class
represented by (U, X) is denoted by (X,¢q). If (X,q) has a representative (U, X)
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such that X is an analytic set, we say that (X, q) is a germ of analytic sets, and if
X is a closed analytic set, we say that it is a germ of closed analytic sets.

Let (X, q) and (X', q) be two germs represented by (U, X) and (U’, X') respec-
tively. Let U” = UNU’. The germ represented by (U”, (XNU")U(X'NU") depends
only on (X, ¢) and (X’,q) and does not depend on the representatives. We denote
it by (X, ¢)U(X’, q), and call it the union of germs (X, ¢) and (X', ¢). Similarly the
germ represented by (U”, (X NU")N (X' NU")) is denoted by (X, q) N (X', q) and
called the intersection of (X, ¢) and (X', q). Besides, if we have a neighborhood Uy
of g such that Uy c UNU’ and X NU; C X' NU;, we denote (X,q) C (X', q) or
(X’,q) D (X, q). For any finite number of germs at ¢ we can define the union and
the intersection of them.

We would like to consider the irreducible decomposition of a germ of closed
analytic sets.

Let (X, q) be a germ of closed analytic sets. We say that (X, q) is reducible,
if we have germs (X', ¢) and (X", q) of closed analytic sets satisfying (X,q) =
(X',) U(X",q), (X,q) # (X',q) and (X, q) # (X",q). If (X,q) is not reducible,
we say that it is irreducible.

Proposition 2.15. Let g € Q be a point. For every germ (X, q) of closed analytic
sets at q there exists a unique finite family {(Y1,q), (Y2,q),...,(Ys,q)} of germs of
closed analytic sets at q satisfying the following conditions:

L (X,q) = (V1,9 U (Y2, q) U--- U (Ys,q)

2. (Yi,q) is irreducible for every i.

3. (Yisq) & (Y5, q) for any i # j.

The equality in the condition 1 is called the local irreducible decomposition of
a germ (X, q), and (Y1,q), (Y2,9),- .., (Ys,q) are called the local irreducible compo-
nents of (X, q).

For the proof of Proposition 2.15 we need describe the relation between ideals
in the local ring 4, at ¢ and germs at ¢ of closed analytic sets.

Let E be an ideal in the local ring A, at ¢. Since A, is Noetherian, we have a
finite number of generators fi, fo,..., fs of E. Let U be a neighborhood of ¢ such
that f;’s are all convergent on it. Let X = {p € U | fi(p) =0for 1 <i < s}. It is
easily checked that the germ of closed analytic sets represented by (U, X) depends
only on the ideal E and does not depend on the choice of generators. We denote it
by V(E).

Conversely, consider a germ (X, q) of closed analytic sets represented by (U, X),
where X is a closed analytic set in a neighborhood U of q. We can associate an
ideal I(X,q) with (X, g). The ideal I(X, ¢) is a collection of elements f € A, such
that we have a neighborhood U’ of ¢ contained in U such that f is convergent on
U’ and f(p) =0 for every point p € X NU".

We do not give the proof of Proposition 2.15, because it is very similar to that
of Theorem 2.14 and is easier.

Let X C @ be an analytic set, and ¢ € X be a point. We say that X is
smooth at q, if there is a coordinate neighborhood U of ¢, local analytic coordinates
21,22, ..., 2n on U with the origin ¢, and a non-negative integer m such that XNU =
{pe U] z(p) =0 for m <i<n}. If X is smooth at ¢, then the number m does not
depend on the choice of U and z1, 22, ..., z,. We call the number m the dimension
of X at ¢q. If X is not smooth at ¢, then we say that X is singular at g, or ¢ is a
singular point of X. We say that X is smooth, if X has no singular point.
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Let (X,q) be a germ of closed analytic sets at ¢ € Q. We say that (X, q) is
smooth, if it has a representative (U, X') such that X is a closed analytic set in U
which is smooth at g. We say that (X, ¢) has an ordinary singularity, if every local
irreducible components at ¢ is smooth.

An analytic subset X C @ is said to have only ordinary singularities, if for every
point ¢ € X the germ (X, ¢) has an ordinary singularity. Let X C @ be an analytic
set with only ordinary singularities. A point ¢ € X is singular, if and only if (X q)
has two or more local irreducible components. The set of singular points Sing X
is an analytic set contained in X. The singular set Sing X is closed in X and
X — Sing X is dense in X by Lemma 2.1.

Proposition 2.16. Let X C Q be an analytic subset with only ordinary singular-
ities. We say that an analytic map f : P — Q is X-admissible, if P is a smooth
analytic manifold, the image f(P) is contained in X and for every connected com-
ponent Py of P, f(Pp) ¢ Sing X.

1. There exists a smooth analytic manifold X and an X -admissible analytic map
v:X — Q such that for any X -admissible analytic map f : P — Q there is
a unique analytic map f . P — X with f= z/f.

2. If there is another smooth analytic manifold X’ and an X -admissible analytic
map v’ C X Q satzsfymg the same conditions as in 1, then there is an
isomorphism p: X=X of real-analytic mamfolds with v = V'p.

3. The map v : X — Q is an immersion with v(X) = X and the induced map
XX by v is proper. The set X—v L(Sing X) is open and dense in X and
v is injective on X — v~!(Sing X).

4. If a proper X -admissible map f : P — Q satisfies f(P) = X, then the induced
map f P — X s surjective.

The map v : X - Q is called the normalization of X. It is unique up to
isomorphisms.

Proof. 1. Let X be the set of pairs (g, (Y, q)) where ¢ is a point in X and (Y, q) is
a local irreducible component of X at ¢, and v : X — Q be the map v(g, (Y,q)) = q.

We will define the structure of a smooth analytic manifold on X. First, we
introduce the topology on X. Let § = (q,(Y,q)) be a point on X. By definition
we have a neighborhood U of ¢ in @, and finitely many closed smooth analytic sets
Y1,Ys,..., Y, in U such that X NU =Y, UY, U---UY; and each Y; contains the
point ¢. We can assume (Y1,q) = (Y, ¢). A neighborhood of § in X is defined to
be a set in the form {(p, (Y1,p)) | p € Y1 N U’} where U’ is a neighborhood of ¢
with U’ C U. Tt is easily checked that these neighborhoods define topology on X.
By definition any neighborhood is homeomorphic to a smooth analytic set with the
form Y; N U’. Thus the structure of a smooth analytic manifold on X is defined.
We can check that v is analytic and X-admissible.

Second, we will show that v : X - @ has the property described above. Consider
an X-admissible analytic map f : P — Q. We claim that for every p € P there
is a unique local irreducible component (Y, f(p)) of (X, f(p)) such that for some
neighborhood W of p and for some representative (U,Y") of (Y, f(p)) the inclusion
relation f(W) C Y holds.

Fix a point p € P and put ¢ = f(p). We have a neighborhood U of ¢ and closed
smooth analytic sets Y7, Y, ..., Ys as above. Put Z; = f~1(V;) for 1 <i < s. Since



THE GAUSS MAP AND THE DUAL VARIETY 11

the germ (P,p) is irreducible, (Z;,p) = (P,p) for some i. Assume that we have
numbers i, j such that ¢ # j and (Z;, p) = (Z;,p) = (P,p). We have a neighborhood
W of pin P with W C Z; N Z;. Thus f(W) C Y;NY; C Sing X. Since Sing X
is an analytic set which is closed in X, and since f(P) C X, the inverse image
f~1(Sing X) is a closed analytic subset in P. Let Py be the connected component
of P containing the point p. We have Py C f~!(Sing X) by Lemma 2.1, since
W C f~!(Sing X). It contradicts that f is X-admissible. We conclude that there
is a unique number ¢ with (Z;, p) = (P,p). We obtain the desired claim.

We fix a neighborhood W of p, the local irreducible component (Y, f(p)) of
(X, f(p)), and a representative (U,Y) of (Y, f(p)) such that f(W) C Y. We define
the map f : P — X by f(p) = (f(p), (Y, f(p))). By definition and by the above
claim we have f(p') = (f(¢'), (Y, f(p'))) for any p’ € W. Let Y = {(¢, (Y, q)) |
¢ € Y}. It is a neighborhood of f (p) in X. The map v induces an isomorphism
7:Y — Y. Since f(W) C Y, we can define the composition 7! f|WW and we have
fIW = o1 f|W. Thus f is analytic on W. Since p € P is arbitrary, f : P — X is
an analytic map. By definition it satisfies vf = f.

Assume that we have another analytic map f’ : P — X with vf’ = f. By the

above claim we have f|[W = o~ 1f|[W = f/|W. Since p € P is arbitrary, we have
f=r. ) X

2. By the condition in 1 we have a map p’ : X’ — X with vp’ = /. By the same
condition for X’ we have a map p : X — X’ with /p = v. Thus v/ = v/pp’ and
v = vp'p. By the uniqueness in the condition in 1 we conclude that pp’ and p’p are
the identity maps.

3. It is obvious by the definition of X above.

4. Since f and the induced map XX by v are proper, and since [ = I/f, one
sees that also f is proper. In particular, the image f (P) C X is closed. On the other
hand by 3, f(P) contains a dense subset X — v~ (Sing X). Thus f(P) = X. O

Proposition 2.17. Any closed analytic subset X C Q with only ordinary singu-
larities is global in Q.

Proof. Let ¢ € Q be a point. By Corollary 2.10 we have only to show that the ideal
sheaf Zx is coherent around gq.

If ¢ ¢ X, then Zx is isomorphic to A around ¢ and is coherent around ¢ by
Theorem 2.2.1.

Assume ¢ € X. By assumption we have a neighborhood U of ¢ in @), and a finite
number of closed smooth analytic sets Y7, Ys,...,Ys in U passing through ¢ such
that X NU =Y, UYoU---UY;.

First, we see that Zy, is coherent for every i. We can assume that there are
local analytic coordinates 21, 22, . .., 2z, on U with the origin ¢ such that Y; = {p €
U | zj(p) = 0for m < j < n} where m is the dimension of ;. Let E be the
ideal generated by z; (m < j < n) in A(U). By definition E = Zy,. Thus by
Theorem 2.2.2 we can conclude that Zy, is coherent.

Put X; =Y, UYoU---UY;. By induction on ¢ we show that Zx, is coherent. If
i =1, Ix, = Iy, is coherent. Assume ¢ > 1. Since Zx, = Zx, , NZy,, we have an
exact sequence

0—-Ix, - 1Ix, , ® Iy, = A|U.
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By Theorem 2.2.4 and by induction assumption Zx, , @ Zy, is coherent. Let F be
the image of a. Since F is the image of a coherent sheaf, it is finitely generated.
Since F is a subsheaf of A|U, it is coherent by Theorem 2.2.3. By Theorem 2.2.4
TIx, is coherent.

Since Zx, = Ix|U, Ix is coherent around gq. O

By Theorem 2.14 we have the following corollary:

Corollary 2.18. Any compact analytic subset X C Q with only ordinary singular-
ities has the irreducible decomposition.

The rank rank, (F') of a subset F in R at a point ¢ € @ is the maximal number
of linearly independent differentials (df1)q, (df1)q, ..., (dfs)q at ¢ where f;’s are el-
ements in F. Obviously by definition rank, (F') is not greater than the dimension
of @ at g. The rank rank, (X) of a point set X C Q at ¢ € X is rank, (/(X)).
The rank rank (X) of X is the largest value of rank, (I(X)) for ¢ € X. We do not
define rank (X)) when X is an empty set.

Lemma 2.19. 1. Let E be an ideal in R, and F be a subset generating . Then,
rank, (F) = rank, (E) at every point ¢ € V(E).
2. For every integer m the set {q € Q | rank, (F) < m} is a global analytic set
n Q.
Proof. 1. Since F' C E we have rank, (F') < rank, (E). For every f € E there are
finite elements g1, g2,...,9s € F and hy, ho,...,hs € R such that f = Y7_| h;g;.
Then, we have dfy, = >0, hi(q)(dg;)q, since g;(qg) = 0 for ¢ € V(E). Thus the
linear subspace spanned by df, (f € E) is contained in the linear subspace spanned
by dgq (g € F). This implies rank, (F') > rank, (E).
2. Let U C @ be a coordinate neighborhood and z1, 2o, . . ., z, be the local coordi-
nates on U. Let Ey be the ideal in A(U) generated by m x m minors of the matrix
0f/0z (f € F,1 <i <mn). Wehave {¢q € Q | rank, (F) < m}NU = V(Ey) =
Supp ((A|U)/Ey). By Theorem 2.2.2 Ey is a coherent sheaf of ideals on U. On
the other hand, we can check that the ideal Ey does not depend on the choice of
the local coordinates 21, 22, . .., z,. Thus for any two coordinate neighborhoods U,
U’ we have Ey|UNU’ = Ey/|UNU’. One knows that there is a coherent sheaf
of ideals J in A such that J|U = Ey for every coordinate neighborhood U. By
Proposition 2.9 {¢ € Q | rank, (F') < m} = Supp (A/J) is global. O

Theorem 2.20 (Whitney [16]). Let Q be a connected real-analytic manifold of di-
mension n. Assume that there is a set F = {f1, fa,..., fn} of n global analytic
functions on @Q such that ranky (F') = n for every point ¢ € Q. Let X be a global
analytic set in Q. Any point ¢ € X with rank, (X) = rank (X) is a smooth point
of X with dimension equal to n — rank (X).

Proof. By assumption f1, fa,..., fn are local coordinates around every point g € Q.
We can define the partial derivative dg/0f; € R for any g € R and for 1 < i < n.
Let k = rank (X). Choose and fix a point ¢ € X with rank, (X) = k. By definition
we have elements g1, g2, ..., gx € I(X) with rank,({g1,92,---,9k}) = k.

Let Y = {p€ Q| g1(p) = g2(p) = --- = gx(p) = 0}. Since g1, 92,...,9r € [(X),
we have X C Y.

There are (n—k) elements f;,, fi,, ..., fi,_, in F such that rank,({g1, g2, - - - , gk,
Jivs fizr ooy Jin_n}) = n. We denote gy = fi, for 1 <j <n—Fk Let Z={pc
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Q | rank,({g1,92,...,9»}) < n}. By Lemma 2.19.2 Z is a global analytic set
with ¢ ¢ Z. Let (J;;) be the adjoint matrix of the Jacobian matrix (dg;/df;) and
J = det(0g;/0f;) be the Jacobian determinant. .J;; and J are elements of R. We
have Z={pe€ Q| J(p) =0} and J(q) # 0.

For any h € A(Q — Z) we can define the partial derivative 0h/dg; € A(Q — Z)
for 1 < i <n, and 9h/dg; = (Z}Ll Ji;0)0 fj) /J. Tn particular, if h € R = A(Q)
then J(0h/dg;) € R for 1 <i < n.

We here claim that if h € I(X) then J2(0h/dg;) € I(X) for k < i < n. Indeed,
by the definition of k rank,({g1, g2, ..., g%, h}) < k for any point p € X — Z. The
rank in the left-hand side of this inequality is equal to the rank of the matrix with
the i-th row (0¢;/0g;)(p) (1 < j < n) for 1 < ¢ < k and the (k + 1)-th row
(0h/0g;)(p) (1 < j < n). Since (9g:/0g;)(p) = 0 for 1 <i <k, 1 < j <n with
i # j, and since (9g;/0¢;)(p) = 1 for 1 <4 < k we conclude that (0h/dg;)(p) = 0 for
k< j<nandforpe X — Z. Since J(0h/dg;) € R, we have (J*(dh/dg;))(p) =0
for any p € X U Z. Thus we obtain the desired claim.

Let H = {h € A(Q — Z) | J™h € I(X) for some positive integer m}. This
R-module H has three properties. First, I(X) C H. Second, h(p) = 0 for any
h € H and for any p € X — Z. If h € H, then J™h € I(X) for some positive
integer m. Thus J(p)™h(p) = 0 for p € X — Z. Since J(p) #0 for p € X — Z,
we have h(p) = 0. Third, if h € H and if k < i < n, then 0h/0g; € H. Now, by
assumption we have a positive integer m with J™h € I(X). By the above claim
J2(8J™h/dg;) = m(J™h)J(dJ/Dg;) + J™T2(0h/Dg;) € I(X). Since J™h € I(X)
and J(0.J/dg;) € R, we have m(J™h)J(8J/dg;) € I(X). Thus J™"2(dh/dg;) €
I(X) and Oh/0g; € H.

The three properties above imply that the value at ¢ of any higher derivatives
with respect to gr+1, gk+2,.-.,9n of any h € I(X) vanishes. Let U C @ be an
open neighborhood of ¢ such that g1, gs,...,g, are the local coordinates on U.
One knows that for any h € I(X) there are hy,ha, ..., hy € A(U) such that h =
Zle hig;. Thus h(p) =0 for any h € I(X) and for any p € Y NU. One concludes
YNU C X =V({(X)) and thus Y NU = X NU. The set Y NU is a smooth
analytic set of dimension n — k and we conclude the proof. O

Corollary 2.21. Assume the same condition for QQ as in Theorem 2.20. Any global
analytic subset X C @ has a global analytic subset Xy such that X1 C X, X3 #X
and X — X1 is smooth.

Proof. Let X1 = {¢q € Q | rank, (X) < rank (X)}NX. By the definition of rank (X)
one knows X; # X. By Lemma 2.19.2 X; is global. By Theorem 2.20 X — X3 is
smooth. O

Corollary 2.22. The set of smooth points of any analytic set X C Q is open and
dense in X.

Proof. Any point ¢ € X has a neighborhood U such that X N U is global in U and
there are local coordinates 21, 22, -+ , 2, on U. For any connected open set U’ with
g € U’ C U the pair (U, X NU’) satisfies the assumption in Theorem 2.20. One
can conclude that X N U’ contains a smooth point. Thus the set of smooth points
is dense in X. By definition of a smooth point it is open in X. O

Corollary 2.23. Any analytic set X C Q is a union of countably many smooth
connected analytic sets.
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Proof. First, we show that for any point ¢ € X we have a neighborhood U of ¢ in @),
a finite sequence X, X5, ..., X, of global analytic sets in U such that X; = X NU,
Xs=0, X, D Xppy1 for 1 <m < s and X,,, — X,,,11 is a smooth analytic set for
1<m<s.

Let W be a coordinate neighborhood of ¢ € X in @ such that X N W is global
in W. Let U be a neighborhood of ¢ € X in @ contained in W such that the
closure K = U is compact and is contained in W. We denote Y; = X N W and put
71 = (Y1)k. Zp is the minimal global analytic set in W with Y1 N K = Z; N K.
Applying Corollary 2.21 to Z; we have a global analytic set Y5 in W such that
Zy D Yo, Zy # Yy and Z; — Yy is smooth. If Z3 N K = Y, N K, then we have
71 = (Z1)k = (Y2)k C Ys and thus Z; = Y3, a contradiction. Thus Z; N K #
Yon K. Put Zy = (Ya)k. Since Zy C Yy and Zo N K =Y, N K, we have Z; D Zo,
Z1NK # ZyNK and (Z; — Z3) NU is smooth.

If Z5 is not empty, we repeat the same procedure replacing Y7 by Ys.

Assume that the repetition of this procedure does not terminate in finite steps.
Then, we have an infinite sequence Z,, (m = 1,2,3,...) of global analytic sets in
W such that Z,, D Z,,41 and Z,, N K # Z,,41 N K for every m. This contradicts
Lemma 2.12.

Thus we have a finite sequence Z1, Zs, ..., Z, of global analytic sets in W such
that Zy = (XN W)k, Zs =0, Z D Zmy1 and (Z,, — Zyy1) N U is smooth for
1<m<s. Put X,,, =72,,NU for 1 <m < s. Since X; = X NU, X,,’s satisfy the
desired conditions.

Note that since @) has a countable basis of topology, X,, — X,,+1 has at most
countably many connected components for each m. Thus one knows that each
point ¢ € X has a neighborhood U, such that X NUj is a union of countably many
smooth connected analytic sets. Since  has a countable basis of topology, we have
countably many points ¢, € X (m =1,2,3...) with X C {J,,, U,,.. Thus we can
conclude the proof. O

Remark. By a result in Bruhat, Cartan [1] we can show that the number of con-
nected components of X,,, — X,,+1 is finite in the above proof. Thus any compact
analytic set X C @ is a union of finite number of smooth connected analytic sets.

The largest value of the dimension of a non-empty analytic set X at a smooth
point ¢ € X is called the dimension of X, and is denoted by dim X. We define that
the dimension of the empty set is equal to —co. For a germ (Y, ¢) of analytic sets the
smallest value of dimY” of a representative (U,Y) for (Y, ¢q) is called the dimension
of (Y,q). For a given analytic set X C @ the dimension of the germ (X,q) at a
point ¢ € X is called the dimension of X at ¢, and is denoted by dim, X. If ¢
is a smooth point of X, the definition of dim, X here coincides with the previous
definition.

Lemma 2.24. 1. Let X, Y be analytic subsets in Q with X C Y. IfY is
smooth, then dim X < dimY.
2. If dim X < dim @ for an analytic subset X of a connected real-analytic man-
ifold QQ, then X has Lebesque measure zero in Q).

Proof. 1. Easy.

2. By Corollary 2.23 we have countably many smooth analytic sets X,, (m =
1,2,3,...) with X = (J,, X;n. By the definition of the dimension at a smooth
point we have dim X,,, < dim @Q for every m. If dim X,, = dim @) for some m, then
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by Lemma 2.1 X,, and X contain an open set of @ and we have dim X = dim Q,
a contradiction. Thus dim X,, < dim @ for every m. It is not difficult to show
that the Lebesque measure of any smooth analytic subset of dimension less than
n is zero. Thus X,, has Lebesque measure zero for every m. By o-additivity of
Lebesque measure we conclude that X has Lebesque measure zero. O

Remark. We guess that the following five claims hold:

1. Admitting countably many irreducible components, every global analytic set
has the irreducible decomposition.

2. dim(X) 4+ rank (X) = dim(Q) for any non-empty global analytic set X in Q.

3. If X is a global irreducible analytic set in @, then dim(Y) < dim(X) for any
global analytic set Y in @ with Y C X and Y # X.

4. Theorem 2.20 holds without the assumption on the existence of a set F.

5. Claim 1 in Lemma 2.24.1 holds without assumption that Y is smooth.

However, we do not try to show them in this article, because we will not apply them
later in this article and they are not the main subjects of this article. Perhaps,
introducing the concept of the Krull dimension in commutative ring theory, we
would be able to solve some of them.

We would like to consider a real-analytic map below.

Let P be another real-analytic manifold, and f : P — @ be a real-analytic map.
We denote Ap or Ag instead of A, when we need distinguish the sheaf of functions
on P from the one of Q.

The rank rank, (f) of a map f at a point p € P is the rank of the Jacobian
matrix of f at p. The rank rank (f) of f is the largest value of rank, (f) for p € P.

Lemma 2.25. Assume that P is connected and of dimension m. Let X be a global
analytic set in P and Xy = {p € X | rank, (X) = rank (X)}. Assume that every
point p € Xq is a smooth point of X with dimension equal to m — rank (X). For
every integer k we have a global analytic set Y such that for any point p € Xy,
rank, (f|Xo) <k if and only if p e Y.

Remark. Note in the above lemma that we can define the rank of the restricted
map f|Xo: Xo — Q at p € Xy, since Xg is smooth.

Proof. Let p € P be an arbitrary point. Let U be a coordinate neighborhood
of p and z1,22,...,2, be the local coordinates on U. Let W be a coordinate
neighborhood of f(p) in @ with f(U) € W and wy,ws,...,w, be the local co-
ordinates on W. We denote f; = wj; o f for 1 < j < n, which is a function on
U. Let My be a matrix with infinite rows and m columns such that any row
of My is either (0f;/0z1,0f;/0z2,...,0f;/0zy) for some j with 1 < j < n or
(89/021,09/0za,...,0g9/0zy) with g € I(X). It is easy to see that if p € X, then
rank, (f|Xo) = k if and only if the matrix M evaluated at p has rank rank (X)+k.

Let Ey be the ideal in Ap(U) generated by (rank (X) + k) x (rank (X) + k)
minors of the matrix M. By Theorem 2.2.2 Ey is a coherent sheaf of ideals on
U. On the other hand, we can check that the ideal Ey does not depend on the
choice of the local coordinates z1, 22, ..., 2z, and wy,ws, ..., w,. Thus for any two
coordinate neighborhoods U, U’ we have EU|Uﬂ U' = Ey |[UNU’. One knows that
there is a coherent sheaf of ideals 7 in A such that J|U = Ey for every coordinate
neighborhood U. By Proposition 2.9 Y = Supp (A/J) is global. By the above
remark Y has the desired property. O
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Corollary 2.26. For every integer k the set {p € P | rank, (f) < k} is a global
analytic set in P.

Corollary 2.27. Assume that P is connected, has dimension m and there is a set
F ={f1, fa,-.., fm} of m global analytic functions on P such that rank, (F) =m
for every point p € P. Any global analytic subset X C P has a global analytic
subset X1 such that X; C X, X; # X, X — Xy is smooth, and rank, (f|X — X1)
does not depend onp € X — X1

Corollary 2.28. Any analytic set X C P is a union of countably many smooth
connected analytic sets Xy, such that rank, (f|X%) does not depend on p € Xj.

Proposition 2.29. Assume that rank (f) = rank, (f) for every p € P for a real-
analytic map [ : P — Q. Then, for every point p € P and for every neighborhood U’
of p there is an open set U withp € U C U’ such that the image f(U) is a connected
smooth analytic subset in Q with dimension equal to rank (f). The image f(P) is
a union of countably many smooth connected analytic sets with dimension equal to
rank (f).

If, moreover, f is proper, then f(P) is an analytic set with only ordinary singu-
larities such that any local irreducible component of (f(P),q) at any point q € f(P)
has dimension equal to rank (f).

Proof. Let k = rank(f). Let p € P be an arbitrary point. By assumption the
Jacobian matrix of f has constant rank k around p. By inverse mapping theorem
we can choose local coordinates z1, 22, ...,z on a connected neighborhood U, of
p and local coordinates wq,ws, ..., w, on a neighborhood W, of f(p) in @ such
that w; o f = z; for 1 < ¢ < k and w; o f = 0 for £k < i < n. We denote
X, ={q €W, | wiq) =0for k <i<n}. Obviously X, is a smooth connected
analytic set with dimension k. We have f(U,) C X,, and f(U,) is open in X,,. Thus
replacing W), with a smaller one, we can assume f(U,) = X,,. Since U, is connected,
X, is also connected. Since P has a countable basis of topology, we have countably
many points p; (I =1,2,3,...) with P =J,Up,. We have f(P) =, X,

We here assume moreover that f is proper. We have only to show that f(P) is
an analytic set in Q. Let ¢ € f(P) be an arbitrary point. By the above reasoning
one knows that for each point p € f~!(g) we have a neighborhood U, of p and a
neighborhood W), of ¢ such that f(U,) is a closed analytic set in W),. Since f is
proper, the inverse image f~!(q) is compact. We have finite points py,ps,...,ps €
7 Hq) with f~1(q) C U;_, Up,. Let Y = P—J;_, Up,. By definition Y is a closed
set with Y N f~1(q) = 0. Thus the image f(Y) is a closed set with ¢ ¢ f(Y),
since f is proper. We have a neighborhood W of ¢ in Q with W N f(Y) = (). Put
W =WnW, "Wy, N---NW,, and U = f~1(W’). U’ is a neighborhood of
f7Yg) in P with U" = J;_,(Up, NU") We have f(U') = U;_, (f(Up,) NW') and we
conclude that f(U") = f(f~1(W’)) is a closed analytic set in W’. Since ¢ € f(P)
was an arbitrary point, the set f(P) is analytic. O

Corollary 2.30. Let X C P be an analytic set and r = max,ex rank, (f). The
image f(X) of X by f is a union of countably many smooth connected analytic sets
with dimension less than or equal to r.

Proof. By Corollary 2.28 we have smooth connected analytic sets X (k = 1,2, 3,
..) such that rank, (f|X})) does not depend on p € X; and X = |J, Xi. By
Proposition 2.29 f(Xj) is a union of countably many smooth connected analytic
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sets with dimension equal to rank (f|X}). For a point p € X, we have rank (f|X}) =
rank, (f|Xx) < rank, (f) < r. Thus f(Xj) is a union of countably many smooth
connected analytic sets with dimension < r. Since f(X) = {J, f(Xk), we have the
claim. O

The set C = {p € P |rank, (f) < rank (f)} is called the critical set of f.

Theorem 2.31 (Generalization of Sard’s Theorem for analytic maps).

Let C be the critical set of an analytic map f : P — @ of real-analytic manifolds.
Assume that C' does not contain any connected component of P. Then, the set
P — f7Y(f(C)) is dense in P.

Remark. The above theorem does not hold in the category of C*°-manifolds and
C>-maps. Let P = {(z,y,2) € R® | 22 + y? + 22 = 1} be the unit 2-sphere
and Q = R3. Let ¢ : R — R be a function of class C* such that ¢(z) = 0 for
|z|] < 1/3, ¢(2) > 0 for |z| > 1/3, and ¢(z) = 1 for |z| > 2/3. Consider a map
f: P — Q defined by f(z,y,2) = (¢(2)z, d(2)y, 2) for (x,y,2z) € P. It is easy to
see that rank (f) = 2, C = {p € P | rank, (f) < 2} = {(z,y,2) € P | |2| < 1/3},
f(C)={(z,y,2) e R® |z =y =0,|z| <1/3} and f~1(f(C)) = C. In this example
P — f~Y(f(C)) = P — C is not dense in P.

Proof. First, note that by Lemma 2.1 P — C is dense in P under the assumption,
since C'is a closed analytic subset in P. Assume that P— f~1(f(C)) is not dense in
f(P). We will deduce a contradiction. By assumption we have a non-empty open
set U’ with U’ C f~1(f(C)). We have (P —C)NU’ # (). Pick a point py € U’ —C.
Since rank, (f) = rank(f) for any p € P — C, by Proposition 2.29 we have a
neighborhood U of pg such that po € U C U’ — C and f(U) is a connected smooth
analytic subset in @ with dimension equal to rank (f). Since U C U’ C f~1(f(C)),
we have f(U) C f(C).

On the other hand, by Corollary 2.30 we have a countable family of connected
smooth subset Xj (k = 1,2,3,...) with dim X} < rank(f) such that f(C) =
Uk Xi. Putting ¥, = X N f(U), we have f(U) = |, Yx. Note that Yj is an
analytic set since it is the intersection of two analytic sets. By Lemma 2.24.1
dimY;, < dim X, < rank (f) = dim f(U). Thus by Lemma 2.24.2 Y}, has measure
zero with respect to Lebesque measure on f(U). Since f(U) is the countable union
of Yj’s, we conclude that also f(U) has measure zero with respect to Lebesque
measure on f(U), which is a contradiction. O

Corollary 2.32. Let C' be the critical set of a proper analytic map f : P — Q of
real-analytic manifolds. Assume that C' does not contain any connected component
of P. Then, the set f(P)— f(C) is dense in f(P), and is an analytic set with only
ordinary singularities. Any local irreducible component of f(P)— f(C) at any point
q € f(P)— f(C) has dimension equal to rank (f). The set Lo of smooth points of
f(P) — f(C) is dense in f(P), and the inverse image f~1(Lg) is dense in P.
Lemma 2.33. Let X C Q be a closed analytic set with only ordinary singularities.
Let v: X — Q denote the normalization of X.

1. X is compact if and only zfX is compact.

2. X s irreducible if and only zfX s connected.
Proof. 1. Obvious by Proposition 2.16.3.
2. By Proposition 2.16.3 the map v : X - @ is a proper immersion, W = X -
v~1(Sing X) is an open dense subset, and v|W is injective.
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Assume that X is not connected. Let X’ be a connected component of X and
X" = X —X'. We have WN X’ # 0 and W N X" # (. By Proposition 2.29
X' = y(X’) and X" = v(X') are closed analytic subsets of X with only ordinary
singularities and by Proposition 2.17 they are global. They satisfy X = X’ U X",
On the other hand, since v|W is injective, X' — Sing X # (), X"/ — Sing X # @) and
(X' —Sing X) N (X" —Sing X) = 0. Thus X # X’ and X # X”. One knows that
X is reducible.

Conversely assume that X is connected. Let X’ and X" be closed global analytic
subsets with X = X’ U X”. We have X = X' U X" for X’ = v~(X’) and
X" = v 1(X"). X’ and X" are closed analytic subsets in X. If X’ = X" then
we have X = X’ = X” and X = X’ = X”. Consider the case X’ ¢ X”. In this
case X' contains a non-empty open set X — X”. Since X is connected and X' is
a closed analytic subset, we have X = X'. Thus X = X'. Similarly in the case
X' 2 X" we have X = X”. Therefore X is irreducible. O

3. DUALITY

Recall that V' denotes an (N + 1)-dimensional real vector space with the inner
product (, ). It has a basis by, by, ..., by satisfying (bg, bg) = € = 1, (b;, b;) =1
for 1 <7< N and (b;, b;) =0for 0 <i,5 < N,i# j. By S we denote the standard
N-sphere in V' when ¢ = +1, and we denote the standard hyperbolic N-space in V
when € = —1.

The lemma below follows from Proposition 2.16, Corollary 2.32 and Lemma 2.33.

Lemma 3.1. Let (M, o) be a pair of an n-dimensional smooth connected compact
real-analytic manifold M and an almost injective real-analytic immersion o : M —
S. The image (M) is an n-dimensional compact irreducible analytic subset with
only ordinary singularities in S. The correspondence (M, c) — o(M) defines a one-
to-one correspondence between the set of isomorphism classes of such pairs (M, o)
and the set of n-dimensional compact irreducible analytic subsets with only ordinary
singularities in S.

Below in this section we consider an almost injective real-analytic immersion o :
M — S from an n-dimensional smooth connected compact real-analytic manifold
M. In the case n = N any immersion o : M — S is an isomorphism since S
is simply connected and M is compact. Thus it is trivial that in this case our
Theorem 1.1 and Theorem 1.2 hold. Also the case M = () is trivial. We assume
n < N and M # ) below.

For a subset Z C V by Z+ ={a €V | (a, b) = 0 for every b € Z} we denote the
orthogonal complement of Z in V.

Recall that we denoted SV = {a € V | (a, a) = 1}, and T),(M) was the linear
subspace of V spanned by the embedded tangent space 0. T,(M) of M at p and the
vector o(p). We define a manifold £, maps p and A as follows:

E = {(pa)eMxS|aeS NT,(M)™*}
= The set of pairs (p, a) € M x V of a point p of M

and a unit normal vector a of M at p in S.

i€ — M, w(p, a) =p
A:E—SY, Ap, a)=a
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By definition £ is a smooth compact real-analytic manifold, and g and A are
real-analytic maps. They play very important roles below. The map y: & — M is
the projection of a fiber bundle whose fiber over p € M is the set of normal unit
vectors at p of M in S. The fiber over p € M is isomorphic to an (N —n—1)-sphere.
In particular, one knows dim& = N — 1. If n < N — 2, then an (N —n — 1)-sphere
is connected and € is also connected. The image A(E) C SV coincides with the dual
variety MY of M.

We have the diagram below.

vost el ML scy
Lemma 3.2. 1. For every point a € S the restriction of u to \~'(a) is an

isomorphism.
2. For every point p € M the restriction of \ to p~'(p) is an isomorphism.

Proof. 1. By definition A7!(a) = p(A7(a)) x {a}. Thus the first projection u
induces an isomorphism.
2. Similar. O

Note here that by Lemma 3.1 MV is uniquely determined by the analytic set
M = o(M). We can call MV the dual variety of M and can denote MV = M.

Let C' C £ denote the critical set of the map A\ : £ — SV. We would like to apply
Corollary 2.32 to A\. Note that £ is compact and A is proper. If £ is connected,
then obviously C' A £. Assume that £ is not connected. In this case n = N — 1
and &€ has two connected components £, and £_, each of which is isomorphic to
M. Multiplying (—1) on the fibers, we have an isomorphism 7 : £ — £ exchanging
&, and £_ and satisfying AT = 7\, where 7 : SV — SV denotes the antipodal map
7(a) = —a. Thus Cy = CN &y and C_ = C N E_ coincides with the critical set
of the restriction A|E4 of A to &1 and with one of the restriction A|E_ respectively.
Thus C 2 £, and C 2 £_. By Corollary 2.32 one knows that L = A\(£) — A\(C) is a
real-analytic set with only ordinary singularities, and the set Ly of smooth points
in L is dense in M". Also the inverse image A\~1(Lg) is dense in &.

We say that a subset X C V is quasi-analytic, if X contains a smooth analytic
subset which is open and dense in X. We have the following;:

Proposition 3.3. The dual variety of a compact irreducible analytic subset with
only ordinary singularities in S is a quasi-analytic subset in SV .

Let Y be a smooth analytic set contained in SV. For every point a € Y by TQ(Y)
we denote the linear space spanned by the tangent space T,(Y) C V of Y at a and
the vector a.

We can define the dual variety XV of a quasi-analytic set X € SV. Let Y € X
be an open dense smooth analytic subset. We define

XV = the closure of {a € S | The vector a is orthogonal to Tj(Y)
for some b € Y.}.
The dual variety XV does not depend on the choice of Y, and is a subset of S.

Theorem 3.4. Let M C S be a compact irreducible analytic subset with only or-
dinary singularities.

In the case € = +1 of an N-sphere we have (MY)Y = MUT(M), where T : S — S
denotes the antipodal map.

In the case € = —1 of hyperbolic N -space we have (MV)V = M
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Theorem 1.2 follows from Theorem 3.4. Below in this section we show Theo-
rem 3.4.

Before the verification, we explain our notations.

Let W and W’ be vector spaces over R. The set of linear maps from W to
W' is denoted by Hom (W, W'), which is a vector space over R. The vector space
W* = Hom(W, R) is called the dual vector space of W. The canonical paring
W*x W — R is denoted by ( , ). Thus (y, w) = y(w) for y € W* = Hom(W, R)
and w € W.

Let ¢ : @ — W be a map from a manifold ) to a vector space W of finite
dimension. For every point ¢ € @ the induced map ¢, : T,(Q) — Ty(q) (W)
between tangent spaces is defined. Identifying T, (W) with W, we have a map
¢+ : Ty(Q) — W. The image of the tangent vector X € T,(Q) is denoted by ¢, X
and the image of this map is denoted by ¢.T,(Q). Note that ¢,T,(Q) is not an
affine subspace passing the point ¢(g), but a vector subspace passing the origin of
w.

In the case that ¢ is an immersion, ¢, : T,(Q) — W is injective. In this case we
can identify T,(Q) and ¢.T,(Q) by ¢, and can write T,(Q) instead of ¢,.T,(Q).

Let 0 be a differential 1-form on @. For a point ¢ € @ by 0, we denote the
element in the dual tangent space T (Q) defined by 6. The real number (0, X) is
defined for every tangent vector X € T,(Q).

Let F be the space of orthogonal normal frames on M. This space F consists
of points (p,ag,a1,...,an) € M x VN1 such that ag = o(p), (ai, a;) = 1 for
1 <i <N, (ai, aj) =0 for i # j and ay,as,...,a, are a basis of T,(M). (Note
that (ag, ap) = €.) It is easy to see that F is a smooth connected compact real-
analytic manifold. We can define a map p :  — M and maps f; : F — V
(0 <i< N) by p(p,ap,a1,...,an) =pand f;(p,ag,a1,...,an) = a;. By definition
fo=opand p: F — M is the projection of a principal O(n) x O(N — n)-bundle.
The group O(n) x O(N — n) has a right action on the space 7. By R, : F — F
we denote the isomorphism induced by g € O(n) x O(N — n).

Let ¢ € F and p = p(¢) € M. By definition fo(q) = o(p), n of vectors
f1(Q), f2(q), - . ., fu(q) are an orthogonal normal basis of the embedded tangent
space T,(M) of M at p, and fr41(q), fnt2(q), ..., fn(g) are an orthogonal nor-
mal basis of the embedded normal space of M at p in S.

A map 7 : F — & is defined by 7(q) = (p(q), fn(q)), since fn(q) is a unit
normal vector of M at p(q) € M in S. This map = is the projection of a principal
O(n) x O(N —n — 1)-bundle. We have ym = p and At = fn.

We have the commutative diagram below.

F F F F

bl b b

VosY «X g _F M7 ,.8CV

Besides, recall that in the case e = +1, 7: § — S denotes the antipodal map.

Let f : F — Hom(RN*!1 V) be the map such that for ¢ € F, the element
f(q) € Hom(RN*1 V) is the linear map satisfying f(q)(z) = Zﬁio x; fi(q) for
r = (zo,21,...,75) € RVTL. By associating the transposed map *(f(q)) : V* —
(RN+1)* of f(q) between the dual linear spaces with ¢ € F, we have a map 'f :
F — Hom(V*, (RN*1)*) with ! f(¢q) = *(f(q)). Since f;’s are an orthogonal normal
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basis of V, we have also the inverse map (f(q))~! : V — RN*!. We have a map
f~1: F — Hom(V, RN*) with f~1(q) = (f(q))~'.

An element z = (z¢,71,...,75) € RVT! can be identified with the linear map
RM*! — R with (y0,91,...,yn) € RVTL ZZI.V:O z;y; € R. Under the this
identification RN*! = (RN*1)* and the identification V = V* induced by the
inner product ( , ) we have If~! = tf where I denotes the linear map defined by
the diagonal (N + 1) x (N + 1)-matrix (I;;) whose diagonal entries I;; are Iyg = e,
and I;; = +1for 1 <i<N.

Below we identify the map I and the matrix (Z;;) and use this matrix I to keep
consistent description in two cases € = £1. When € = +1, you can simply ignore
the matrix 1.

Let bg, b1, ...,bx be a basis of V' as in the beginning of this section. The dual
basis by, b3, ...,by of V* is defined by the conditions (bf, b;) =1 (0 < i < n)
and (b}, b;) = 0 (i # j). The space R¥T! has the standard basis. Let F be the
matrix of f(g) € Hom(RN*!, V) associated with the above bases. We can check
that *FIF = I where *F denotes the transposed matrix of F. Thus *F = IF~'].
Since the isomorphism L — L* is represented by the matrix I, one can check that
If~' ="*f holds.

The differential 1-form w on F with values in Hom(RN*!, RV*1) is defined by

w=Iftdf ="*fdf.
Note that df is a Hom(RN*!, V)-valued 1-form on F, and f~! is a Hom(V, RN*1)-
valued function. Thus the composition f~df can be regarded as a
Hom (RN, RN*1)-valued 1-form. This form w = (w;;) (0 < 4,5 < N) plays a
very important role below. The form w and its matrix entries w;; are called the

Maurer-Cartan forms.
The following lemma is easily checked, since d(f~!) = —f~t df f~1.

Lemma 3.5. 1. dw+wA Iw = 0.
2. tw=—w.
3. For every i,j (0 < i,5 < N), for every point ¢ € F and for every tangent
vector X € T,(F)

(wij)g, X) = (fil@), (f5)«X).
4. wip =0 forn+1<i<N.

Let 0¥ : L — SV denote the normalization of the analytic set L = A\(£) — A(O)
with only ordinary singularities, where C' C £ denotes the critical set of the map
A:E — SY. The map ¢V is an immersion, the induced map L — L is proper, and
dim L = rank ()).

Denote & = & — A~H(A\(C)) for simplicity.

Lemma 3.6. The restriction of X to £ is L-admissible.

Proof. Let & be a connected component of £, and p € £ be a point. Since the
rank of A is constant on & and is equal to rank (A), p has a neighborhood U in &
such that the image A(U) is a connected smooth analytic set of dimension equal
to rank (\) = dim L. This implies that the germ (A(U), A(p)) is an irreducible
component of the germ (L, A(§)). On the other hand, the germ (Sing L, A\(p))
does not contain any irreducible component of (L, A(p)). One sees (A(U), A\(p)) ¢
(Sing L, A(p)) and A(U) ¢ Sing L. Since A\(U) C A(&), we have A(&y) ¢ Sing L. O
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By Proposition 2.16 and Lemma 3.6 we have a map u : £ — L with oVu" =
AE'. Since A : & — SV — A(C) is proper, uV is proper and surjective by Proposi-
tion 2.16.4.

We will see later that ¢¥ : L — SV is the dual of 0 : M — S, and p¥ : & — L
is the dual of p: & — M.

For every point p € L by TP(L) we denote the linear subspace of V spanned by
the embedded tangent space 0y T,(L) and the vector o (p).

Proposition 3.7. We consider the inverse image w~Y(p) of an arbitrary point
p € L. We write R, = ou(u” "1 (p))

1. In the case € = —1 of hyperbolic N-space, we have rank (\) = N — 1 and
R,=SNT,(L)*.
2. In the case € = +1 of an N -sphere, we have two cases.
If R, # 7(R,), then rank (\) = N — 1, R, is a set consisting of a single
point, and R, UT(R,) = S NT,(L)*.
If Ry = 7(Ry), then R, = S N T,(L)*.

Proof. Since £ is compact, u¥~1(p) is compact. Since p¥~1(p) Cc uV=H(L) = &,
we have ¥ ~1(p) N C = 0. Thus the inverse image p¥~!(p) is a smooth compact
analytic submanifold in €. Every connected component of 1V ~!(p) has dimension
equal to N — 1 — rank ()).

Since p =1 (p) C A0V (p)) = (¢¥ 1Y)~ (0¥ (p)), the subset p(u”~'(p)) C M is
isomorphic to p¥~!(p) by Lemma 3.2.1. Since o : M — S is a proper immersion,
one can conclude that R, = ou(u”~1(p)) C S is a compact analytic set such that
every irreducible component has dimension equal to N — 1 — rank (\).

We show R, C T,(L)*. Let p € ¥~'(p) be an arbitrary point. Since 7 : F — &
is surjective, we have a point ¢ € F with n(¢) = p. We have (ou(p), 0¥ (p)) =
(01(P), "1 (7)) = (ou(P), AF)) = (opm(a), Am(a) = (fola), () = 0. Tet
X € T,(L) be an arbitrary tangent vector. Since p) : T5(E) — T,(L) and m, :
T,(F) — T3(€) is surjective, we have a vector X' € T,(F) with (p¥7), X' = X.
(a)e X! = (o' p/m). X = 6YX. We have (op(p), 0¥ X) = (foa), (fx)aX') =
((won)gs X'} by Lemma 3.5.3. By Lemma 3.5.2 woy = —wpno. By Lemma 3.5.4
wno = 0. Thus woy = 0 and we have (ou(p), 0y X) = ((won)q, X’) = 0. Since
T, (L) is spanned by the vector oV (p) and oY T, (L), we have p € T,(L)™*.

Since R, C S we have

(3.1) R, C SNT,(L)*.

In particular, we have S N T, (L) # 0.

Now, Since dim7,(L) = dimL = rank(A) by Corollary 2.32, we have
dim 7, (L) = dim T,,(L) +1 = rank (A\) +1. Thus dim T),(L)* = (N +1) — (rank (\)+
1) = N —rank (\), and dim S N T (L)t = N —rank (\) — 1 = dim R,,.

Consider the case e = —1. In this case SOTP(L)J— is smooth and connected. Thus
the both sides of (3.1) coincide, since they have the same dimension. In particular,
S NT,(L)* is compact. It implies that dim7},(L) = N and rank (\) = N — 1 in
this case.

Consider the case € = 41 next. In this case SNT},(L)" is a sphere with dimension
N — 1 —rank()\), and SN TP(L)l =7(5N Tp(L)L). Assume N — 1 > rank (\).
Then, S N Tp(L)* is smooth and connected. Thus the both sides of (3.1) coincide
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by the same reason as above. In particular, we have R, = 7(R,). We consider the
last remaining case N —1 = rank (). In this case SNT},(L)* is a set of two points.
If the both sides of (3.1) coincide, we have R, = 7(R,). Otherwise R, is a set of a
single point, and R, UT(R,) = S NT,(L)* . O

Proposition 3.8. In the case € = —1 of hyperbolic N-space, the immersion u" :
L — SV has a special property. For every point p € L the restriction to T,(L) of
the inner product ( , ) is positive definite.

Proof. Tt follows from S NT,(L)* # 0. O

Proof of Theorem 8.4. Let Lo be the set of smooth points of L = A(&) — A(C)
and let X = {a € S | The vector a is orthogonal to Ty(Lo) for some b € Lg.}.
Note that the induced map Lj = oV~1(Lg) — Lo by ¢V is an isomorphism and
pY~H(Ly) = A1 (Lo). By Z we denote the closure of the set Z.

Consider the case e = —1. Proposition 3.7 implies X = ou(p¥~1(L})). By defini-
tion (M) = X. Thus (M")" = ou(A=1(Ly)). Since ou is proper, opu(A=1(Lo)) =
o(A=1(Lo)). By Corollary 2.32 A=1(Lg) = £. Thus (MV)Y = ou(€) = M.

Consider the case € = +1. In this case Proposition 3.7 implies X = ou(u"~1(L}))
Urou(p¥=1(L})). By the same reasoning as above we have (M")Y = MuUr(M). O

Proof of Theorem 1.2. Counsider the case e = —1. By Theorem 3.4 we have o (M) =
o'(M'). Since by Lemma 3.1 0 : M — S and ¢’ : M’ — S can be identified with
the normalization of o(M) = o/(M’), we have an isomorphism ¢ : M — M’ with
o'¢ = o by Proposition 2.16.2.

Consider the case ¢ = +1. By Theorem 3.4 we have o(M)U7o(M) = o'(M’) U
To'(M'). Now, by Lemma 2.33.2 0(M) and o’ (M’) are irreducible. Since 7:5 — S
is an isomorphism 7o(M) and 70'(M’) are also irreducible. If (M) = 7o(M),
then by Theorem 2.14 we have ¢/(M') = 7o’/(M’). Thus by the same reasoning as
above one can obtain the conclusion. Assume o (M) # 7o(M). By Theorem 2.14,
o' (M') # 71o'(M’), and either o(M) = o'(M') or (M) = 7o'(M’) holds. If
o(M) = o’(M’), then by the same reasoning one obtains the conclusion. If (M) =
7o' (M'), applying Proposition 2.16.2 to o and 70’, one can conclude the existence
of an isomorphism ¢ : M — M’ with 70'¢ = 0. O

Proof of Theorem 1.1. Let g: M — G(n+1,V)and ¢’ : M' — G(n+1,V) denote
the associated Gauss maps. Assume g(M) = ¢'(M’) as sets. Let W denote the
(n+ 1)-dimensional linear subspace in V' corresponding to a point £ € G(n+1,V).

By the definition of the dual variety we have MY = SV N (UEEQ(M) Wg-) and
MY = SVnN (Ugeg’(M’)WEL)' By assumption we have MY = M’Y. Thus by
Theorem 1.2 we have Theorem 1.1. O

Now, we have defined the manifold £ associated with the immersion o : M — S.
We can consider the dual object £V of £ associated with the immersion ¢V : L —
SY. Let

£ ={(p,a) e LxS|acSNT,(L)"}



24 TOHSUKE URABE

A map j: & — L x S can be defined by
3(0) = (1" (B), opu(p))
for p € &'. By Proposition 3.7 the image j(£’) is contained in £Y. Thus we have a
map j: & — &Y.

Proposition 3.9. The map j: &' — &Y is injective.

Proof. Assume first either ¢ = —1, or e = +1 and (M) = 70(M). Let &’,&Y, ...
be connected components of £Y. Let &’ be the union of components &’ with
J(ENNEY # 0. We have the induced map j : & — ). Let 5 : £ — S be the map
induced by the second projection L x S — S. By Theorem 3.4 the image ro(EV) is
contained in M = o(M) under our assumption.

We claim here that 7o is M-admissible. Let &Y be a connected component
of &’. By definition of &, j7Y&Y) is a non-empty open subset of £&. On the
other hand, 0~ (Sing M) is a closed analytic proper subset of a smooth connected
manifold M. Thus M — o~ !(Sing M) is dense in M. Moreover, since yu is the
projection of a fiber bundle, one knows & — (ou)~!(Sing M) is dense in &'. Thus
F7HEY) — (op)~(Sing M) # 0. Since roj = o by definition of j, we have & —
5 '(Sing M) # (. This implies 72(E)) ¢ Sing M.

Since ¢ : M — S coincides with the normalization of o(M) we have a map
Lo Eh\/ — M with 79 = ous by Proposition 2.16. Since ousj = roj = ou, we have
2j = p by the uniqueness in Proposition 2.16.

Let r1 : &Y — L denote the map induced by the first projection L x S — L. By
definition of j we have r1j = u¥ and oVr1j = oVu" = \.

Let i : &’ — M x SV be a map defined by i(p) = (u2(p), o¥r1(p)) for p € &
We have ij(p) = (u(p), A(p)) = p for p € £'. Thus ij is the identity map of &', and
7 is injective.

Second, we consider the case where e = +1 and o(M) # 70 (M).

Let M; and M, be copies of M, and M be the disjoint union of M; and M,. Let
& : M — S be the immersion such that it coincides with o on M7 and it coincides
with 70 on Ms.

We here replace M and o by M and 5. Then, we obtain new &, L, and &Y
and new maps among them. We can apply the same argument as above to the
new situation, since after the replacement o (M) = 7o (M) holds. Thus in the new
situation j : & — £V is injective. Now, it is easy to see that new L and new &V
are same as old ones, old £ is one of two connected components of new &, and new
j is the extension of old j. Thus the old j is also injective. O

V—l(

Corollary 3.10. For every point p € L the restriction of op to p p) 18 injective.

Proof. Since r1j = pV, for every point p € L, an injective map j induces an
injective map pV~(p) — r1'(p) = SN T,(L)*. The induced map coincides with
o by definition of j. O

Theorem 3.11. We consider the map " : &' = & — A"Y(\(C)) — L.
1. Assume either e = —1, or e = +1 and o(M) = 17o(M). Then, p” : & —
L defines a fiber bundle. For every point p € L the map op induces an
isomorphism between the fiber u¥~'(p) and S N T,(L)*. In particular, if
€ = —1, then dimL = N — 1 and any fiber u’~1(p) is a set with only one
element.
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2. Assume e = +1 and o(M) # to(M). Then, dimL =N —1, and p¥ : &' — L
is an isomorphism. For every point p € L, the fiber u¥~(p) is a set with
only one element, and o induces a map from ¥ ~*(p) to the set SﬁTp(L)l
consisting of two points.

Proof. We write R, = ou(u"~1(p)) as above.
1. The case ¢ = —1 follows from Proposition 3.7 and Corollary 3.10.

Assume € = +1 and 0(M) = 7o (M). By Proposition 2.16.1 we have an isomor-

phism 7 : M — M with 07 = 70. It is easy to see T),(M) = Tf—(p)(M> for every
p € M. Thus 7 xid: M xSV — M x SV preserves the subset £ and we have an iso-
morphism 7 : £ — &€ with 7 = 7 and A7 = A. By uniqueness in Proposition 2.16.1
we have also p¥'7 = V. Thus for every point p € L, uV~(p) = 7(u"~1(p)). Since
Topu = out, we have R, = 7(R,). By Proposition 3.7.2 R, = S NT,(L)"* for every
p € L. This implies the map p¥~1(p) — SN T,,(L)l induced by opu is surjective.
By Corollary 3.10 it is also injective.
2. By Proposition 3.7.2 we have dim L = rank (V) = rank (\) = N — 1 =dim&’".
Thus iV is a proper surjective immersion, and SN Tp(L)J— is a set consisting of two
points for every p € L. By Corollary 3.10 op : u¥~t(p) — SN Tp(L)l is injective,
and p¥~1(p) contains at most two points for every p € L.

Let U denote the set of points p € L such that " ~!(p) contains only one point.

Assume p ¢ U. Then, R, = ou(u¥~*(p)) contains two points, and R, = S N
TP(L){. Thus R, = 7(R,). Let p1 be one of two points in R,. We have 7(p1) € R,,.
Since R, C o(M), we have p; € X =o(M)N7o(M), and p € £ = pV((op) 1 (Z) N
£"). One knows L — ¥ C U.

Since (op)~1(X) is a closed analytic set such that & — (ou)~1(X) is dense in &,
and since p" is a proper immersion, ¥ is a closed analytic set in L such that L — %
is dense in L. Thus U is not empty and is dense in L. On the other hand, the
number of points in p¥~!(p) is a locally constant as a function of p € L, since u"
is a proper immersion. We conclude L = U, and p" is injective. O

By Theorem 3.11 we can say that the diagram
(3.2) VoS L Lt g TSy

is symmetric with respect to the center £’.
We collect the definitions here.
SV={aeV]|(a,a)=1}
T,(M) = Ro(p) + 0.T,(M): a linear subspace of V associated with a
point p € M
Z*+: the orthogonal complement of a subset Z in V/
E={(p,a)e M x 8 |aeS NT,(M)*+}
w: & — M: the first projection
A: & — SY: the second projection
C': the critical set of A
E=E-2"1\NCO))
oV : L — SY: the normalization of L = A(£) — A(C)
pY & — L: the induced map. a¥u¥ =X | &’

Corollary 3.12. 1. Ifapair (p, a) of a point p € M and a normal vector a € SV
of M at p in S belongs to the dense subset &' = & —AX"H(\(C)) of the set € of
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all such pairs, then there is a point q € L such that a = o (q) and o(p) € S
is a normal vector of L at q in SV.

2. For every pair (q, b) of a point g € L and a normal vector b € S of L at q in
SV, there is a point p € M such that +b = o(p) and ¢ (q) is a normal vector
of M atpin S.

4. METRIC STUDY OF THE DUAL VARIETY

In this section we study properties of the dual variety related to the Riemannian
metric. We use the same notations as in the previous section. Recall the following
commutative diagram:

F F F F

I |~ & |5
VosY 2 oM 2.5 CV
For simplicity we use the ranges of indices

1<i,5,k<n; n+1<(n6<N.

First, we introduce the second fundamental form.

Lemma 4.1. The Maurer-Cartan form w on F has the following properties:

. Rjw = tgwg for every g € O(n) x O(N —n), where g = (¢',9") (¢ € O(n),
g" € O(N —n)) is identified with an element in Hom(RN 1 RNF1) repre-
sented by the matriz (é 90' 8 )

00 g”

2. Let d3% denote the metric on S induced by the inner product ( , ). We have
f5ds? =32, (wio)?.

3. One-forms (w10)q, (W20)gs - - - (Wno)q € Ty (F) are linearly independent at ev-
ery point q € F

Lemma 4.2. There are functions Acij on F satisfying wey = Zj Acijwjo and
Agij = Agji-

Proof. By Lemma 3.5.4 w¢o = 0. By Lemma 3.5.2 wgp = 0. Thus by Lemma 3.5.1
we have 0 = —dw¢g = €weo Awoo + ), wei A wip + Zn Wen Awno = Y, wei A wig.
Our lemma follows from Lemma 4.1.3. O

Corollary 4.3. Let A¢ be the section of the vector bundle T*(F) @ T*(F) over F
defined by A¢ = > wej @ wjo = 32, D5 Acijwio ® wjo-
1. A¢ is symmetric, in other words, (A¢)g, X ®Y) = ((A¢)g, Y @ X) for every
q € F and for every X,Y € T,(F).
2. A¢ is horizontal, in other words, (A¢)g, X @Y) =0 if p.X =0 or p.Y =0
for every g € F and for every X,Y € Ty(F).
3. (Ag)gy X ®Y) = —((fo)« X, (fo)+Y) for every ¢ € F and for every X,Y €
Ty (F).
Corollary 4.4. Let A be the section of the vector bundle V@ T*(F) @ T*(F) over
F defined by A = Z( feAe.
1. A is symmetric.
2. A is horizontal.
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3. (Mg, X®Y) = =3 fe(a)((fo)« X, (fo)+Y) for every ¢ € F and for every
X,Y € T,(F).

4. A is O(n) x O(N — n)-invariant, in other words, R;A = A for every g €
O(n) x O(N —n).

Let S2T(M) denote the symmetric product of degree 2 of the tangent bundle
T(M) of M, and N(M/S) denote the normal bundle of M in S. They are vector
bundles over M. The fiber N,(M/S) over p € M of the bundle N(M/S) can be
identified with the orthogonal complement of T,(M) in V.

Corollary 4.5. There is a map II : S?°T(M) — N(M/S) of vector bundles satis-
fying II(p.X - p.Y) = (Ag, X ®Y) for every ¢ € F and for every X,Y € T, (F).

The map I1 : ST (M) — N(M/S) is the second fundamental form of M.

A map IT : S2(u*T(M)) — R of bundles over & is defined by IT(X -Y) =
(II(X -Y), A(p)) for a point p € £ and X,Y € (u*T(M))s. Under the canonical
identification (u*T(M)); = T,z (M) the induced map S?T),;) (M) — R is the
second fundamental form at p = p(p) € M in the normal direction \(p). By
definition IT(p. X, p.Y) = (An)g, X @Y) = —((fn)« X, (fo).Y) for every ¢ € F
and X,Y € T,(F).

For every point p € £ a subspace

rady (IT) = {X € T,,5 (M) | II(X,Y) = 0 for every Y € T}, (M)}

is called the radical at p of the bilinear form I I. The rank of the symmetric bilinear
form T}, (M) x T, (M) — R induced by I is denoted by rank; (I1). We have
dimrad; (IT) + rank; (IT) = dim Ty (M) = n.

Lemma 4.6. rank (\. : T5(E) — V) = N —n — 1 + rank; (I1) for every point
peé.

Proof. Let q € F be an arbitrary point. We write P, = A(~%(p(g))). By definition
P, =S5VnN Tp(q)(M)L. Thus we have V = Rfn(q) + Ty (o) (Py) + Tp(q)(M) (or-
thogonal direct sum), and Ty (4)(SY) = Tty () (Pa) +Tp(q) (M). On the other hand,
we have an exact sequence 0 — Ty () (1™ (p(q))) = Tr(g)(E) — Thiq(M) — 0.
Note that rank (A : T5(€) — V) = rank (X, : T3(E) — Ty (q)(SY)). We consider
the restriction of A, : Tr(g)(E) — Tpy(g)(SY) to the subspace Tr(g) (1 (p(q)))-
By Lemma 3.2.2 the restriction of A, to Ty (1~ (p(g))) is the isomorphism into

TfN(q) (Pq) Let

Mot Ty (M) = Tr(g) () Triay (0™ (p(9))) = Tpiay (M) = T () (S)/ T () (Py)

denote the induced map. We have rank (\.) = rank(\.) + N —n — 1, since
dim T gy (0 (p(q))) = N —n — L.

Let X1,Xo,..., X, € Ty(F) be tangent vectors with ((wip)g, X;) = 1 and
((wio)g, Xj) = 0 for i # j. By Lemma 4.1.3 such tangent vectors exist. By
Lemma 3.5.3 and 4 one knows (fo).X; = fi(¢). In particular, p. X1, p« Xa, ..., p«Xn
are a basis of T),4) (M), since (fo)«X; = oxp«X;. On the other hand, fo(q), f1(q),
f2(q), ..., fn(q) are a basis of Tp(q)(M). We compute the matrices of A\, and I
with respect to these bases.

By definition A\ p. X; = M\ X; = (fn)«Xi. By Lemma 3.5.3 (fo(q), (fn)«X:) =
((won)g, Xi) and (f;(q), (fn)«Xs) = ((wjn)q, Xi). By Lemma 3.5.2 and 4 won = 0.
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Thus (fo(q), A\p«X;) = 0. By Lemma 3.5.2 and Lemma 4.2 WiN = — Y ANjrWko-
Thus ((wjn)g, Xi) = =D ) Anjr(@)((wro)g, Xi) = —Anji(g). We can conclude

(fj( )7 Aspse X ) = _ANJZ(q)
We compute the matrix of IT. One has IT(p. X, p«X;) = —((fn)«Xi, (f0)«X;)

—((fn)«Xi, f5(q)) = =((win)g, Xi) = Do) Anjin(g )<(Wko)qv Xi) = Anji(g). One
knows that the two matrices are essentially same. Since 7 : F — & is surjective,
we obtain our lemma. O

Let rank (IT) = maxgeg rank; (17).

Corollary 4.7. 1. rank (\) = N — n — 1 + rank (I]). ) )
2. C={pe & |ranks; (\) <rank(A\)} = {p € € | rank; (IT) < rank (II)}.
Let m = n — rank (IT). For every € £ — C we have dimrad; (IT) = m
Below we use the ranges of indices
0< E,F,G<N;
1<i,j,k<n; m+1<rst<N-1;

1<LLJK<m; m+4+1<aq,8,v<n; n+1<RST<N-1.

Recall here that we have a symmetric diagram (3.2). However, our frame mani-

fold F represents only information of the right half of (3.2).
Therefore we introduce another manifold G and several maps. Put

G={qe F|n(g) € E—-X2T(\NC)),
f1(0), f2(q), - -, fm(q) are a basis of rad,(, (IT)}.

Let ¢ : G — F denote the inclusion map. We denote fp = fgt, @ = m, p = pt,
Apij = Apiji, and Ay;j = Anije. The map 7@ : G — £ = £ — A~H(\(C)) is the
projection of a principal O(m) x O(n —m) x O(N —n — 1)-bundle. Thus G is a
smooth analytic manifold, and we can consider the Maurer-Cartan forms & = t*w,
‘:)EF = L*wEF on g

We obtain the commutative diagram below.

g g g g g

L L N £
VoS « T Lt gty T gV
Later in Lemma 4.9 we will see that this diagram is symmetric with respect to

the central column 7 : G — &’.
To make sure we write the definitions here again.

G: the set of points (p, ag,ay,...,an) € M x VNT! satisfying

1. ag =o(p)

2. (ag,ag)=1for E>1, (ag, ap)=01for E # F

3. a1, as,...,a, are a basis of T,(M).

4. p= (p,aN) et

5. ai,as,...,a, are a basis of rad; (INI) for p = (p,an).

fE :G—V:amap. fp(§) =ag for ¢ = (p,a0,a1,...,an) €G.

f:G — Hom(RNT!, V): For g € G, f(q) € Hom(RN*!, V) is the linear
map satisfying f(¢)(z) = Y prpfr(q) for v = (vo,71,...,2Nn) €
RN+1



THE GAUSS MAP AND THE DUAL VARIETY 29

O = If~'df: the Maurer-Cartan form. a Hom(RN*!, RN*1)-valued
differential 1-form on G.

wpp: a matrix entry of @.

p: G — M: the first projection.

: g — & ﬁ(d) = (pvaN) for (j: (paa();ala' "aaN) € g

pl=mp’:G =1L ) .

ARij7 ANz'j5 functions on G. Wgr; = Zj ARija)j0~ ON; = Zj ANij(-:)jO-

Lemma 4.8. 1. do+woANIw=0.
2. 0= —0@.
3. For every E, F for every point ¢ € G and for every tangent vector X € T5(G)

(@EF)g, X) = (fE(1), (fr)«X).

4 T1(p.X, p.Y) = —((fn)-X, (fo).Y) for any € G and X, Y € Ty(G).

5. &po =0, Ono = 0.

6. One-forms (010)g, (W20)g; - - - » (@no)gq € T5(G) are linearly independent at ev-
ery point § € G. } R R

7. ORri =) Apij@jo. Apij = Apji. Oni = > Anij@jo. Anij = Anji-

8. For every point G € G we have tangent vectors X1, Xo,..., X,, € T4(G) with
((@i0)g, Xi) =1 and ((@i0)g, X;) =0 fori# j. They satisfy (fo)«Xi = fi(q)
and T1(5.Xi, p.X;) = Anij(9)-

9. AN[J =0.
10. &7y =0, Qo = 0.
11. One-forms (Om+1,N)g, (Om+2,N)gs-- -+ (ON—1,N)g € Tg(g) are linearly inde-

pendent at every pomt s Q

12. There are functzons BIr37 BOTS on G satzsfymg Ory = Z BITSwSN, BITS =
@IsTy wOr Z BO’I“SwSN7 and BO’I"S - BOS’I"

13. Bggrs = 0. . R

14. The (n —m) x (n — m)-matriz (Boag) is the inverse matriz of (Anag)-

Proof. 1,2, 3,4,5,6, 7,8 See Lemma 3.5, Lemma 4.1, Lemma 4.2 and Corol-
lary 4.3.

9. Let ¢ € G be an arbitrary point. Let X7, Xo,...,X,, € T;5(G) be the vectors in
8.

Now, 0.p« X = fl( 7) € o.radzg) (1 T). Since o, : Ty (M) — V is injective, we
have [)*X] S radﬁ@( ) and AN[J( ) = II(,O*X], p* ) = 0. Thus AN[] =0.
10. @IN = _@NI = _Zj AN[](A)]() = O by 9 wON = —wNo = 0 by 5.

1. By 10 ()oY = 2o l@ar)as V) Fal@) + X @rn)s V) (@) for Y € T(G).
The right-hand side is contained in the (N — m — 1)-dimensional linear space F

spanned by f’m+1(q)7 fm+2(Q~)7 EEE) fN—l(Q)' B
On the other hand, 7, : T3(G) — T35 (€) is surjective, and (fn)« = A7, Thus
rank ((fn )« : T3(G) — V) = rank (A, : Tz ()(€) — V) = ranks () (A) = N —m — 1.
One can conclude that every vector in F is equal to (fx).Y for some Y € T3(G).
It implies claim 11.
12. By 1 and 10 ET wrr ANwpy = —dwrny = 0. By 11 one knows the former half.
The case of B’Om is similar.
13. By 2,5and 120 =&gp =), Bors@sn.- By 11 we obtain claim 13.
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14. By2,7,9,12, 13 we have @ag = 3.5 Y, BoagAns,@40. By 6 we obtain claim
14. O

The second fundamental form of the immersion ¢¥ : L — SV is denoted by
I1V:S*T(L) — N(L/SY).
Let p € L be a point and Z € N,(L/SY) be a normal vector of L at p in SV.
The bilinear form T,,(L) x T,(L) — R defined by INIV(X V)= ({UIV(X-Y), Z)
for X,Y € T,(L) is called the second fundamental form of L at p in the normal

direction Z.
On the other hand, we have a map

1" S2(u"*T(L)) — R

of bundles over & = & — A"1(\(C)) defined by IT" (X -Y) = (IIV(X - Y), ou(p))
for a point p € £ and X,Y € (pY*T(L))5. Under the canonical identification
(uV*T(L))s = T,v(5) (L) the induced map S*T),v (5 (L) — R is the second funda-
mental form at p = ¥ (p) € L in the normal direction ou(p).

Note that by Theorem 3.11, for every point p € L and for every normal vector
Z € N,(L/SY) of L at p in SV, there are a point p € £ and a real number A € R
with p = pV(p) and Z = Aopu(p). Therefore we lose no essential information in the

study of the second fundamental form of L, considering only IT Y8 2(pV*T(L)) —
R.
For every point p € £’ a subspace

rady (IT") = {X € Ty (L) | IT (X, Y) = 0 for every Y € T (L)}

is the radical at p of the bilinear form IT Y. The rank of the symmetric bilinear
form T),v 5 (L) x T),v( (L) — R induced by [T’ is denoted by rankg (fIv). We
have dimrad; (f]v) + rank; (fIv) = dimT),v () (L) = rank (A) = N —m — 1. By
rank (17 v) we denote the maximum of rank; (17 v) forpe &’

Lemma 4.9. Let G € G be an arbitrary point.
1. Vectors fm+1(d), fm+2(q~), .. .,fN,l(Q) are a basis of Ty (g)(L).
2. IT(pYX, YY) = =((fo)«X, (F).Y) for any X.Y € Ty(9).
3. We have tangent vectors Y11, Yimao, ..., YN_1 € Tg(g)~ with <(J}TN~)5, Y, =
1 and ((Orn)g, Ys) = 0 for r # s. They satisfy (fn)«Yr = fr(§) and
[T (5 Ye, pYY) = Bors(@): »
4. Vectors fni1(q), fni2(q),-- ., [n-1(q) are a basis of radzg) (11 ).

Proof. 1. Since the critical set of p¥ = p¥7" is the empty set, one knows that

Py T4(G) — Thv(g(L) is surjective. Thus Tsv (g (L) = Im ((fn)s = T3(G) — V).
By Lemma 4.8.10 we have (fn).X = >, ((@rn)g, X)fr(q) for any X € T5(G). By
Lemma 4.8.11 we obtain claim L

2. By definition we have IT (pYX, p)Y) = (3, %0r @ &rn)g X @ Y) =
=2 {(@r0)g, X){(@rn)g, Y). Since (fn).Y = 3. ((0rn)g, Y)fr(q), and since

(f0)«X = 3 .((@i0)g, X)fi(@) by Lemma 4.8.5, one knows that the last term is

equal to —((f0)«X, (fn)«Y).
3. The existence of Yo, 41, Yinto, ..., Yn—1 € T5(G) follows from Lemma 4.8.11. It

is easy to see (fn).Yr = fr(§). By Lemma 4.8.12 and 13 fIV(ﬁ:{Y}, plYs) =
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~((fo)sYr, [s(@) = ~((@s0)3: Ye) = ((@0s)g, Yr) = 32, Bost (@) (@), Vo) =
BOST(@) = Boys ((i)
4. We use vectors Y;’s in 3. By 1 every vector Z € Tjv 4 (L) can be written

Z=3, xrfr(~) with some Ty, 41, Tm2,...,2ny—1 € R. For X =3 .Y, € T3(G)
we have pY X = Z.

By 2 and by Lemma 4.8.12 and 13 T’ (Z, pYYs) =3, x,.flv(ﬁl/}ﬁ., YY) =
S, 2 Bors(4) = Y., TaBoas(q). In particular, by Lemma 4.8.13 one knows that
7’ (Z, pYYs) =0 for every S.

Assume Z € radz(g )(II ). We have 0 = fIv(Z7 YY) = 3, ©aBoas(q) for
every 3. By Lemma 4.8.14 one has 41 = Tymq2 =+ =z, = 0.

Conversely assume Z,,+1 = Ty = -+ - = T, = 0. We have 7’ (Z, pyYs) =0 for
every 3. On the other hand, IT V(Z p.Ys) = 0 for every S without any assumption.
We have Z € radzg) (fI ), since p)/Y’s are a basis of Tjv (g (L). We obtain 4. [

Corollary 4.10. rank; (fIV) does not depend on p € € — A\"H(A(Q)).

Theorem 4.11 (Duality of the second fundamental form. See Theorem 3.11).
Let p € &€= X"YHA(QC)) be an arbitrary point.
1. The tangent space T),5)(M) is an orthogonal direct sum of rad; (IT) and the
intersection T, (M) NT,v 5 (L) of embedded tangent spaces.
2. The tangent space T, (L) is an orthogonal direct sum of rad; (fIv) and
Ty (M) N Ty ) (L)
3. The vector space V' has the following orthogonal direct sum decomposition:

~ ~
Rop(p) + rads (IT) + (Tpup) (M) N Ty 5 (L)) +rads (IT7) + Ro¥ 1 ()
4. Let Zyt1, Zms2y---,Zpn be an orthoggnal normal basis of
Ty (M) N T#\/(ﬁ)([:)\./ The matriz (I1(Zy, Z3)) (m+1 < o, < n) is the
inverse matriz of (II (Zy, Zg)).

Proof. Let ¢ € G be a point with 7(¢) = p. By definition of G fl((j) F2(@), -y ful@)

are an orthogonal normal basis of T}, (M). By Lemma 4.9.1 f,,41(d), fm+2((j),
. fN 1(g) are an orthogonal normal basis of T),v(5)(L). Thus ng+1( q), fm_,_Q(Q'),
.., fn(q) are an orthogonal normal basis of T, Ty (M) 0T 3y (L).

1. By definition of G f1(@), f2(@), ..., fm(q) are an orthogonal normal basis of

rad; (IT).

2. By Lemma 4.9.4 an(cj), Frto @)y fN,l((j) are an orthogonal normal basis

of rad; (fIv).

3. It follows from 1 and 2.

4. By choosing an appropriate point § € G with 7(¢) = p we can assume Z,

fa(d@). By Lemma 4.8.8 we have I1(Zy, Z3) = Anap(d). (Note that f;(§) = 0.puX;

and p,X; in Lemma 4.8.8 are identified.) By Lemma 4.9.3 i’ (Zuy Zg) = BOTS(Q).

Thus by Lemma 4.8.14 we have claim 4. O

Corollary 4.12. rank (IT) = rank (f]v).
Proof. By Corollary 4.10 it is obvious. O
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The intersection S NW or S¥Y NW of a vector subspace W of V with S or SV is
called a totally geodesic submanifold in S or SY. When € = +1, a totally geodesic
submanifold of S is a great sphere.

For a vector a € SV we denote

R, = {p e M | T,(M) is orthogonal to a},

and call R, the contact locus of M in the direction a, following Wallace [15]. Sim-
ilarly for a vector b € S we denote

P, = {pe L|T,(L) is orthogonal to b},
and call P, the contact locus of L in the direction b.

Proposition 4.13. 1. R, # 0 if and only if a € MY = \(£).

2. Let a be a point in L = oV (L) = MN&) — M(C). The number of connected
components of R, is finite. Fvery connected component of R, is smooth and
of dimension m. The restriction of the map o to each connected component
of R, is an isomorphism to either a totally geodesic submanifold in S or one
point in S.

3. If a € L is a smooth point of L, then R, is either connected or a set of two
points.

4. If P, # (), then every connected component of Py is smooth and of dimension
N —n —1, and the restriction of the map oV to each connected component is
an isomorphism to an open set of a totally geodesic submanifold in SV.

Proof. 1. Tt is obvious by the definition of M V.

2, 3. Fora € ¢"(L) by definition we have R, = pu((c¥ ") 1(a)). By Lemma 3.2.1
Ry 2 (0VpY)~1(a). Thus R, is the disjoint union of u(u"~1(p)) for p € oV ~1(a).
Note that ¢V ~!(a) is a set of only one point if and only if a € L is a smooth point
of L. Our claims follow from Theorem 3.11.

4. By Theorem 3.11 one knows P, = p¥ (F}) where F, = ((op) =1 (b)U(op) (b))
N(E = A71(\(C))). By Lemma 3.2.2 every conected component is mapped isomor-
phically onto its image by A = ¢Vu". By definition of £ the image is an open set
of a totally geodesic submanifold. O

Theorem 4.14. Let p € £ — A\"Y(\(C)) be an arbitrary point.
1. The contact locus Ryv vy C M contains the point p(p) and rads (IT) =
L) (Bov v ))-
2. The contact locus P,,; C L contains the point p(p) and radp (fIV) =
T () (Pop(p))-
Proof. 1. It is easy to see u(p) € Ryv,v(z. Consider Ry = (a¥pY) " (oY ¥ (p)).
Since o is an immersion and since the rank of p" is constant around p, p € R;
is a smooth point of the analytic set R; and we have an exact sequence 0 —

Ts(R;) — TH(E) = Tyv (L) — 0. By Corollary 4.7 one knows dim T5(R;) =

m, since A\ = op". Let Z € Tz(Rj) be an arbitrary vector. Choose a point
G € G with 7(q) = p. We have a vector Z' € T3(G) with 7,.Z" = Z. We have
(fN)Z = oYY Z' = pYZ =0, and poZ = p,7.Z = p.Z'. By Lemma 4.1.4
T2, puX) = I1(p. 2", 5 X) = —((fn)+Z', (fo)uX) = 0 for any X € Ty(G).
Thus p.(T5(R5)) C rads (IT). By Lemma 3.2.1 R; = (oVp¥) ' (a¥uY(p)) =
(@ i) eV 1" (P) = Rov v (p)- Thus Tp(Rp) = pa(T5(Rp)) = Tup) (Rov v )-
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In particular, dim T}, (R,v v () = dimrad; (IT) = m. Thus we obtain the de-
sired equality.

2. By Lemma 3.2.2 1V induces an isomorphism (ou)~t(ou(p)) =

Y ((op) L (ou(p))). Using Lemma 4.9.2 and this fact, by the similar reasoning as
in 1 we obtain the desired equality. O

5. DEGENERATION

In this section we consider degeneration of the dual variety and degeneration of
the Gauss map.

Let X be a quasi-analytic subset of a real-analytic manifold. By definition we
have an analytic subset Y C X which is dense in X. We define that the dimension
of X is the dimension of Y. The dimension of X is denoted by dim X. This dim X
does not depend on the choice of Y. If X is analytic, then it coincides with the
dimension as an analytic set.

If the dual variety M" of an analytic immersion ¢ : M — S has dimension less
than N — 1, then we say that MV is degenerated.

Proposition 5.1. Let M be n-dimensional smooth connected compact real-analytic
manifold and o : M — S be an almost injective real-analytic immersion. Let MY
denote the dual variety of M.

1. dim MY = N —n — 1 4 rank (IT).

2. The dual variety MY is degenerated if and only if at a general point of M
the second fundamental form of M in S in a general normal direction is
degenerated.

3. In the case e = —1 of hyperbolic N -space, the dual variety is never degener-
ated.

4. In the case € = +1 of an N-sphere, if o(M) # 1o(M), then the dual variety
is not degenerated, where T : S — S denotes the antipodal map.

Proof. 1. By Lemma 4.6 it is obvious.
2. Tt follows from 1.
3, 4. It follows from Proposition 3.7. O

Let g : M — G(n+ 1, V) denote the Gauss map of M. We say that g is
degenerated, if rank (g) < n.

Proposition 5.2. 1. We have a dense open set U in g(M) such that for any
point & € U the inverse image g~ (€) of a point & is mapped by o isomorphi-
cally onto either a totally geodesic submanifold in S or one point.

2. If g is degenerated, then the dual variety MY of M is degenerated.

Proof. We consider the space F of orthogonal normal frames on M again. We use
the same notations as in previous sections. Moreover, for n < ¢ < N we define
amap m¢ : F — & by nc(q) = (p(q), fe(q)) for ¢ € F. By definition 7 = my.
Let Lo be the set of smooth points on A() — A(C) and W = ﬂC(AWC)*l(LO).
By Corollary 2.32 W is dense in F. Let U = {£ € g(M) | (gp)~ (&) N W # 0}.
It is easy to see that U is open and dense in g(M). Let £ € U be an arbitrary
point. By definition we have a point ¢ € W with gp(q) = £&. We denote p; =
me(q) € € and p = p(q) = (Pnt1) = p(Pnt2) = -+ = p(pn) € M. By the
definition of W we have A(p¢) € Lo for every ¢. Thus by Proposition 4.13.2 and
3 for every ¢ the contact locus Ry, is mapped by o isomorphically onto either
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a totally geodesic submanifold in S or one point. Now, by the definition of m¢’s
we have T,(M) = {XPns1); ABrt2) - -, A(Bn) . Thus g71(€) = Ne Bape)» and
we obtain claim 1, since the intersection of some totally geodesic submanifolds
is again totally geodesic. If dimg~'(£) > 0, then dimrads, (IT) = dim Ryiin) =
dim g~1(¢) > 0 by Proposition 4.13.2 and Lemma 2.24.1. Thus by Proposition 5.1.1
MY is degenerated. O

Corollary 5.3. 1. In the case e = —1 of hyperbolic N-space, the Gauss map g
is never degenerated.
2. In the case e = +1 of an N-sphere, if o(M) # 10(M), then the Gauss map g
is not degenerated.

In the remainder of this section we show the theorem below. (See Griffiths,
Harris [6, (2.29) on page 393].)

Theorem 5.4. We consider the case € = +1 of an N-sphere. Let M be an n-
dimensional smooth connected compact real-analytic manifold and o : M — S be
an almost injective real-analytic immersion. Assume that the Gauss map g : M —
G(n+1, V) is degenerated. Then o(M) = 1o(M) and dim g(M) is an even integer,
where 7 : S — S denotes the antipodal map.

Corollary 5.5. We consider the same situation as in Theorem 5.4. Assumen =1

orn = 2. Then, the Gauss map g is degenerated if and only if o is an embedding
and o(M) is a totally geodesic submanifold in S.

We write I = n — rank (¢g). In this section we use the ranges of indices
0< E,F,G <N,
1<ijk<n; n+1<¢n0<N;
1<e, f,g<l; [4+1<a,bc<n.
For p € M we denote T),(M/G(n+1, V)) = Ker (g, : T,(M) — T,,)(G(n+1, V))).
Let U C g(M) be the open dense subset in Proposition 5.2. We here introduce the
manifold H and several maps. Put
H={qeF|plq) € g~"(V),
f1(9), f2(q), - -, filg) are a basis of T),q)(M/G(n +1, V))}.
Let z : H — F denote the inclusion map. We denote fp = fgt, p = pr,
and A¢;; = A¢ijt. The map p : H — ¢ *(U) is the projection of a principal
O(l) x O(n—1) x O(N —n)-bundle. Thus H is a smooth analytic manifold, and we

can consider the Maurer-Cartan forms @ = I*w, Wgr = I"wgr on H.
We obtain the commutative diagram below.

Gn+1,V) 24— g '(U) —2—= V cV
Let ¢ € 'H be an arbitrarily fixed point.

Lemma 5.6. 1. There is a canonical isomorphism Tys4)(G(n + 1,V)) =

Hom(Tﬁ(g’)(M),_ Ni(q)(M/S5)). A )
2. Vectors fo(q), [1(Q);-- -, fn(q) are a basis of Tjq (M), and vectors f¢(q)’s are
a basis of Npg) (M/S).
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3. There are vectors X1,Xa,..., X, € Tyz(H) with ((©i0)g, X;) = 1 and
((@i0)g, Xj) = 0 fori # j. Vectors p.X1,p«X2,...,p«Xpn are a basis of
Tpq)(M). Vectors pu X1, piXa, ..., puXy are a basis of Tjq)(M/G(n+1, V)).

4. We have (g*p*Xz)(‘TOfO((D + xlfl(@) +ot xnfn((j)) = Z(,j x]AC]Z(q)fC(Q)
f9r gx : Tﬁ(q) (M) — HOHI(Tp(q) (]\4)7 Nﬁ(,j) (M/S))

5. A@e =0 and Wee = 0.

Proof. 1,2, 3. Trivial.

4. Tt is not difficult to show (g.p.X)(zofo(q) + 21f1(q) + -+ + 2o fn(q)) =
> Til(@ei) g X) fe(g) for any X € Ty(H) and for any real numbers xg, 21, . . . , Ty,
Recall &¢; = Zj fl@j@jo and Agij = flgi by Lemma 4.2. The equality in 4 follows
from these equalities.

5. Since p.Xe € Ty (M/G(n+1,V)) for 1 <e <1, we have 0 = ((W¢i)g, Xe) =
A¢ie(q) for any ¢ and i. Since g € H is an arbitrary point, we have A¢e; = A¢ie = 0.

Thus Wee = Zz A(ei@io =0. O
Lemma 5.7. 1. If real numbers xi41, Tiq2, ..., Ty satisfy D, flCab((j)xb =0 for
any ¢ and for any a, then ri4y1 = x40 = =x, =0.
2. (N —=n)x (n—1) of vectors (A¢ai+1(@), Acai+2(@), -, Acan(@)) € R span
R L.

3. There are functions égab on a neighborhood of ¢ € H with EC,a C’Cab][@b =1
and ZC,a OCGbACG,C =0 fOT’ b 75 C.

Proof. 1. By Lemma 5.6 one knows the linear map (xji11,Zj42,...,2,) +—
> Acan(@)zp corresponds to the injective map Tj(q) (M) /Tpq) (M/G(n+1, V)) —
Ty53)(G(n+1,V)). Thus 1 follows.

2. Considering the dual linear map of the one in 1, we obtain 2.

3. It follows from 2. O

Lemma 5.8. There is a unique set of functions Deqy on H with @ge = Zb Deur@io
for every a, e.

Remark. They do not necessarily satisfy Deay = Depa.

Proof. The uniqueness follows from that wpg’s are linearly independent at every
point on H. We will show the existence. Because of the uniqueness we can show it
locally on ‘H. We have &q,9 = 0 by Lemma 3.5.4 and ¢ = 0 by Lemma 5.6.5. By
Lemma 4.2 Weq = Zb Acabwbo. Thus 0 = 7du_)€-e = Za Wea NWae = Za,b Acabwbo A
Wae = Dy Wpo N (Do, Ac¢baae). One knows that we have functions Deeqr on ‘H with
Yo A’Zlg'ba@ae =>. Dceba@ao~ We can check that functions D,qp = Zc,c CgcaDcecb

on a neighborhood of § satisfy the desired condition. O

Proof of Theorem 5.4. Assume that g is degenerated. We have [ > 1. The equality
o(M) = 1o(M) follows from Corollary 5.3.2.

Assume moreover that n — ! = dim g(M) is an odd integer. We will deduce a
contradiction.

Let D.qy be the functions on H in Lemma 5.8. By D = Q. Deap) we denote
the (n —1) x (n —l)-matrix of functions on H, and by E we denote the unit matrix
of degree n —[. Let

H={(t,u, ) € R xR xH|det(tE +uD(q)) = 0,t* + (n — l)u? = 1}.
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We define maps « : H - R, 8 : H - Randy: H — H by a(t,u,q) =t
B(t,u, q) = uw and (¢, u, §) = g. H is an analytic set in R x R x H. Since
det(tI + uD(q)) is a polynomial with real coefficients of degree n — [, and since
n — [ is odd, for every ¢ € ‘H and for every non-zero real number u, there exists at
least one real number ¢ with det(t] +uD(q)) = 0. Putting ¢’ = t/+/t? + (n — )u?
and v’ = u/\/t? + (n — l)u2, we have (¢, v/, §) € H. Thus ~ is surjective. Since
v~1(q) is a finite set for every ¢ € H, one knows dim H = dimH. Thus we have
a non-empty smooth open set H' C H such that v|H' : H — H is an analytic
isomorphism onto its image. Also o and (3 are analytic on H'.

Let go = (to, w0, §o) € H' be a point, and X1, Xo,...,X,, € Ty, (H') be tangent
vectors with ((7*@i0)qy, Xi) = 1 and ((Y*@i0)q,, X;) = 0 for ¢ # j. Such vectors
X1, Xo,..., X, exist, since y|H' is an isomorphism. On the other hand, since
det(toI+uoD(q)) = 0, we have a non-zero vector x € R"~! with (toI4+uoD(q))r =
0. Writing « = (2141, Zi42, ..., 2n) with 2, € R, weput X =3, 2, X, € Ty, (H').
We have 0.p.7:X = (fo)« X = >, Tafal@) & Thge)(M/G(n + 1, V)), since
x # 0. Thus g.p.7.X # 0.

We here consider the map f = a(v* fo) + 8Y..(v*fe) : H — V. Note that by
Proposition 5.2 § = (g, 0) : g1 (U) — G(n+1, V) x V is an isomorphism onto
its image and (97" (9p(q))) = {y0fo(@) + y1./1(@) + - + v fi(@) | Yo, Y1, -, 1 €
R,y3 +y? + - +y? =1} for every g € H. Since a? + (n —1)3? = 1 by definition,
one knows that f(¢') € o(g71(g9pv(q'))) for every ¢’ € H'. Thus the image of the
map (gp, f) : H — G(n + 1, V) x V is contained in the image of § = (g, o).
We have a map ¢ = 6 (gpy, f) : H — g~ '(U) with g¢ = gpy and 0¢ = f.
Thus g« X = g.p«7X # 0, and ¢ X & Ty(4,)(M/G(n +1,V)). Besides, since
f«X = 0,¢.X is orthogonal to f(qo), f«X is not contained in the linear space
spanned by f(qo) = 0d(qo) and Ty (go) (M/G(n +1, V).

Let §o = gé(q0) = gp(q) € U and F = 9_1(50)~ F' contains points ¢(qo)
and p(go). By Proposition 5.2 o(F) is a totally geodesic submanifold in S. By
definition, the linear space spanned by f(go) and T (g0 (M/G(n + 1, V)) coincides
Tp(qo)(F)' By
definition, 7} 5(q0) (F) is the linear space spanned by fo(qo), f1(40), - - -, fi(q).

One concludes that f,X is not a linear combination of fo(qo), f1(G),- -, fi(Q)-

We here compute f,X. By Lemma 4.8.2, 3, and 5 and by Lemma 5.6.5 we have

FX = uo > (" @oe)gor X)fo(do)

with T¢(q0)(F). Since o(F) is totally geodesic, we have T g\ (F) =

+> {t0<('7*wf0)qov X) +uo Y (7' re)gos X>} #(@)

f
+ Z {t0<(’7*wa0)qo7 X) +uo Z<(’V*‘Da6)qov X>} 7a(‘jO)'

Now, for each a we have

t0<(7*wa0)qoa X +UOZ V*Qae)qov X>

= 1o <(7 waO qo> +UOZZD€ab q0 7 WbO)qm X>

= t0$a+quzDeab Cfo x
b e

= 0
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Thus f,X is a linear combination of fo(Go), f1(@),- - -, fi(g), which is a contradic-
tion. O
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